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Zusammenfassung

Eine Echtzeit-Strategie zur Bestimmung aktiver Nebenbedingungen
fiir das schnelle Losen parametrischer quadratischer Programme
mit Anwendungen auf die pradiktive Motorsteuerung

Beinahe jeder Algorithmus zur modellpradiktiven Regelung beruht auf der Echtzeit-Losung
konvexer quadratischer Programme. In dieser Diplomarbeit wird eine maBgeschneiderte
Echtzeit-Strategie zur Bestimmung aktiver Nebenbedingungen entwickelt, um parametrische
quadratische Probleme — wie sie im Rahmen der modellpradiktiven Regelung auftreten — zu
[6sen. Unsere Strategie nutzt die Kenntnis der Losung des vorhergehenden quadratischen
Problems unter der Annahme aus, dass sich die Menge der aktiven Nebenbedingungen von
einem quadratischen Programm zum nachsten nicht wesentlich andert. AuBerdem stellen
wir eine Variante vor, bei der die Rechenzeit zum Zwecke realer Echtzeit-Anwendungen be-
grenzt wird. Eine effiziente Implementierung der vorgeschlagenen Echtzeit-Strategie wird
detailliert beschrieben und ihre Leistungsfahigkeit anhand von zwei anspruchsvollen Test-
beispielen aufgezeigt. Eines davon wurde zur Steuerung eines realen Dieselmotors entwor-
fen, bei der jedes der quadratischen Programme innerhalb weniger Millisekunden gelost
werden muss. In den vorgestellten Beispielen zeigt sich, dass unsere Echtzeit-Strategie
etwa eine GroBenordnung schneller als herkémmliche (Warmstart-)Algorithmen zur Lésung
quadratischer Programme ist.

Schliisselwérter: modellpradiktive Regelung, parametrische quadratische Programmierung,
Echtzeit-Strategie zur Bestimmung aktiver Nebenbedingungen, Echtzeit-Optimierung, Mo-
torsteuerung

AMS-Klassifikationen: 90C20, 34H05, 93B52, 62P30






Abstract

Nearly all algorithms for model predictive control (MPC) rely on solving convex quadratic
programs in real-time. In this thesis, we develop a specially tailored online active set strategy
for the fast solution of parametric quadratic programs arising in MPC. Our strategy exploits
solution information of the previous quadratic program (QP) under the assumption that
the set of active constraints does not change much from one QP to the next. Furthermore,
we present a modification where the CPU time is limited in order to make it suitable for
strict real-time applications. An efficient implementation of the proposed online active set
strategy is described in detail and its performance is demonstrated with two challenging
test examples. One of these was designed for controlling a real-world Diesel engine with
sampling times of a few milliseconds. In these examples, our strategy turns out to be an
order of magnitude faster than a standard active set QP solver (with warmstarts).

Key words: model predictive control, parametric quadratic programming, online active set
strategy, real-time optimisation, engine control

AMS subject classifications: 90C20, 34H05, 93B52, 62P30

vii






Contents

vii

Xi

xiii



Contents

.71 Step Length Deerminatiod . . ... ... ... ...

5_Numerical Tests: Chain of Spring Connected Massed

l5.1 Model Descrintion and Problem Formulation . . . . . . . . . ...

6.1 _Model Descrintion and Problem Formulatiod . . . . . . . . .. ..
62 Numerical Resultd . . . . . . ... ... ... ... ... ... ..
6.3 Summary of the Simulation Resultd . . . . . . . . . . .. ... ..

69

..... 69
..... 72
..... 78

79

..... 79
..... 83
..... 87
..... 88

89

91

93

..... 93
..... 94

97

..... 97
..... 97
..... 97
..... 97
..... 97
..... 97

99

105



Acknowledgements

| would like to express my deep gratitude to all people who helped me while writing this
thesis. First of all | thank my supervisors Professor Dr. Dr. h.c. Hans Georg Bock and
Professor Dr. Moritz Diehl for intensive personal support and excellent mathematical advice.
It was a great pleasure for me to share their enthusiasm in many inspiring conversations
and discussions on new ideas. | also thank Dr. Johannes Schldder, Dr. Sebastian Sager
and Professsor Dr. Ekaterina Kostina for fruitful discussions on optimal control and related
subjects.

Moreover, | owe many thanks to all the other members of the “Simulation and Optimization
Group” (headed by Professor Dr. Dr. h.c. Hans Georg Bock and Dr. Johannes Schldder)
of the Interdisciplinary Center for Scientific Computing (IWR) in Heidelberg—among them
Peter Kiihl, Christian Kirches, Leonard Wirsching, Jan Albersmeyer, Andreas Potschka,
Gerrit Schultz, and Tanja Binder—for many pleasant conversations on almost any topic,
for sometimes “stealing” their time and, last but not least, for uncountably many cups of
coffee.

During the PREDIMOT project, whose topics were closely related to most parts of this
thesis, | worked together with some remarkably friendly persons: with Peter Langthaler and
Peter Ortner from the Johannes Kepler Universitat in Linz as well as Professore Riccardo
Scattolini and Gabriele Lorini from the Politecnico di Milano. Financial support of the
REGINS-PREDIMOT European project is gratefully acknowledged.

Xi






Notation

Symbols

Scalar Sets
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working set

index set of active constraints at point z
working set of free variables

index set of free variables at point x
working set complement

index set of inactive constraints at point x
set of natural numbers (greater than 0)
field of real numbers

set of nonnegative real numbers

set of positive real numbers

time horizon of the controlled process
prediction horizon

working set of fixed variables

index set of fixed variables at point z

Vector and Matrix Sets
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critical region of an optimal active set A

domain of a real function

feasible set of a quadratic program

set of feasible parameters of a parametric quadratic program
set of real n-dimensional vectors

set of real m x n-dimensional matrices

set of real symmetric n X n-matrices

set of real symmetric positive semi-definite n x n-matrices
set of real symmetric positive definite n X n-matrices
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Notation

Model Predictive Control

SIS~ -T2 Q o e

system dynamics matrix (associated with process states)
system dynamics matrix (associated with process inputs)
constraint function

output matrix (associated with process states)

sampling time

output matrix (associated with process inputs)

system dynamics ODE right hand side

algebraic equations function of a DAE system

constraint vector

constraint matrix (associated with process outputs)
constraint matrix (associated with process inputs)
number of algebraic equations of a DAE system

length of discrete-time prediction horizon

number of process parameters

number of process inputs

number of differential process states

number of process outputs

number of algebraic process states

Lagrange term of objective function

Mayer term of objective function

vector of process parameters

terminal penalty weight matrix

objective function matrix (associated with process outputs)
objective function matrix (associated with process inputs)
time

start time of the controlled process

end time of the controlled process

length of prediction horizon

vector of process inputs

vector of differential process states

vector of process outputs

vector of algebraic process states

Quadratic Programs

constraint vector

lower bound vector

upper bound vector

lower constraints’ bound vector
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Notation

bo upper constraints’ bound vector
C active constraints matrix
g gradient vector
G constraint matrix
H Hessian matrix
m number of constraints
n number of variables
nA number of constraints within working set A
NEC number of equality constraints
ng number of free variables within working set F
nx number of fixed variables within working set X
ng dimension of restricted null space of active constraints matrix
Wo initial value parameter vector
2% kth iterate of the primal vector
y®) kth iterate of the dual vector
OPt primal solution vector
y°Pt dual solution vector
Algorithm

indicates a homotopy from one QP to the next

Q orthonormal factor of TQ factorisation of Cy
R upper triangular Cholesky factor of projected Hessian matrix
T homotopy parameter

Tmax maximum primal-dual stepsize within current critical region
T reverse lower triangular factor of TQ factorisation of Cx
Y matrix containing orthonormal basis of the range space of Cf
7 matrix containing orthonormal basis of the null space of Cr

Test Examples

@ weighting factor for difference of end position of the free end of the chain
Ié; weighting factor for balls’ velocities
vy weighting factor for control action
d spring constant
g gravitational acceleration
L spring's rest length
m mass of a single ball
Ewall wall’s position along the second coordinate axis
Tend desired end position of the free end of the chain
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Notation

Gasoline Engine

@ actuated throttle angle
A opening area of the throttle
C EGR specific constant
Cpair specific heat at pressure of fresh air inside the intake manifold
Cpegr specific heat at exhaust gas pressure
Covim specific heat at volume of intake manifold
v volumetric efficiency
Mcomb combustion efficiency
o specific heat ratio
T engine torque
H, calorific heat of the fuel
k throttle specific constant
Kegr EGR specific constant
Mair mass of fresh air inside the intake manifold
Megr mass of exhausts inside the intake manifold
N engine rotational speed
NO4 NO, emissions
Pamb ambient pressure
Dexh exhaust gas pressure
Dim intake manifold pressure
P air density
R gas constant
Rim gas constant of intake manifold
Texh time lag of exhaust gas
Tegr temperature of exhaust gas
T temperature inside the intake manifold
Uegr opening angle of EGR valve
Ve engine displacement
| volume of intake manifold
We mass flow rate from intake manifold to cylinders
Wegr mass flow rate through EGR valve
Wiyel fuel mass flow rate
Wth mass flow rate through throttle
Others
00 infinity
i for all
3 there exist
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Notation

there exists exactly one

empty set

power set of set M

end of proof

end of theorem, lemma, corollary or definition

Mathematical Expressions

Constants

Others

real matrix of appropriate dimensions with all elements zero

real column vector of appropriate dimension with all components one
i-th column of the identity matrix with appropriate dimension

Givens plane rotation in the (i, 7) coordinate plane

n-dimensional identity matrix

n-dimensional reverse identity matrix

base of the natural logarithm

twice the value of the smallest positive root of the real cosine function

closed interval of real numbers

open interval of real numbers or two-dimensional row vector
defines the symbol on the left to equal the expression on the right
defines the symbol on the right to equal the expression on the left
assigns the value of the variable on the left to the variable on the right
transposed of matrix or vector M

inverse of regular matrix M

pseudoinverse of matrix M

absolute value of a real number or cardinality of a set

Euclidean norm of a matrix or vector

range space spanned by the columns of matrix M

square root of matrix M, i.e. M2'Mz =M

condition number of matrix M

first derivative of function f with respect to time ¢

second derivative of function f with respect to time ¢

restriction of function f to set X

big-O notation

Xvii



Notation

Abbreviations and Acronyms

Besides common expressions and Sl units the following abbreviations and acronyms are

used:

BDF
CO,
CPU
DAE
EGR
HC

iff

VP
LICQ
LP
KKT
MAF
MAP
MPC
MUSCOD
NLP
NMPC
NO,
0ASES
ODE
QP
RHC
rpm
SQP
S. t.
VGT
VVT

backward differentiation formulae

carbon dioxide

central processing unit

differential algebraic equation

exhaust gas recirculation

hydrocarbon

if and only if

initial value problem

linear independence constraint qualification
linear program

Karush-Kuhn-Tucker

mass air flow

manifold absolute pressure

model predictive control

multiple shooting code for direct optimal control (software package)
nonlinear program

nonlinear model predictive control

nitrogen oxide

online active set strategy (software module)
ordinary differential equation

quadratic program

receding horizon control

revolutions per minute

sequential quadratic programming

subject to

variable geometry turbocharger

variable valve timing

Xviii



Chapter 1

Introduction

Model predictive control (MPC) is an advanced control strategy which allows to determine
inputs of an arbitrary process that optimise the forecasted process behaviour. These inputs,
or control actions, are calculated repeatedly using a mathematical process model for the
prediction. In doing so, the fast and reliable solution of convex quadratic programming
problems in real-time becomes a crucial ingredient of nearly all algorithms for both linear and
nonlinear model predictive control. The success of linear MPC—uwhere just one quadratic
program (QP) needs to be solved at each sampling instant—can even be attributed to the
fact that highly efficient and reliable methods for QP solution have existed for decades, and
that their computation times are much smaller than the required sampling times in typical
applications. On the other hand, in nonlinear MPC algorithms, quadratic programs often
arise as subproblems during the iterative nonlinear solution procedure, so that not only one,
but several QPs need to be solved at each sampling instant. In most MPC algorithms, the
arising QPs are treated by well-tested and efficient standard methods from optimisation.

The required sampling time, i.e. the time difference between two re-optimisations, strongly
depends on the velocity of the process dynamics. In practice, it normally varies between
some seconds or minutes, e.g. if huge distillation columns or polyethylene plants are to
be controlled (cf. [25], [26] or [19]), and a few milliseconds. Very short sampling times
especially arise if MPC is applied to fast mechanical systems, e.g. in the very recent field of
optimal control applications in the automotive area. Therein, engine control is a particular
challenge due to very fast and nonlinear dynamics, making sampling times in the order of
milliseconds necessary.

When sampling times become so short that the computation times for QP solution can no
longer be neglected, specialised algorithms that exploit the structure of the QPs arising in
MPC problems become an interesting alternative. Basically, two approaches to fast QP
solution in MPC can be distinguished:

(i) First, the explicit, or offline QP solution, which precomputes the QP solution for all
possibly arising problem instances. This can be done quite efficiently, as shown by [8],
but is limited to models with small state dimensions (below ten) and few constraints.

(ii) Second, the online QP solution is the classical way to treat the sequence of QPs in
MPC for varying initial values.



Chapter 1. Introduction

Several QP solution methods exist, among the most prominent are active set methods,
which come in two variants, namely primal [37], [39] and dual [45], [3] active set methods.
Unfortunately, for active set methods no polynomial bound on the runtime of the algorithm
can be given, as has famously been shown by Klee and Minty [B6] in the context of linear
programming. Furthermore, (primal-dual) interior point methods, cf. [91], have become a
strong competitor to active set methods, and have also been proposed for use in MPC [73].
They possess relatively constant computational demands and a polynomial runtime guar-
antee can be given for them. However, interior point methods suffer from the drawback
that so far no efficient warm start techniques exist.

In this thesis a new active set strategy is proposed (see also [30], [29]) that is inspired by
some important observations from the field of parametric quadratic programming and can
neither be classified primal nor dual. It builds on the expectation that the active set does
not change much from one quadratic program to the next, but is different from conventional
warm starting techniques. Our online active set strategy comes in two variants: while the
first is just an alternative way to exactly solve the QPs arising in MPC efficiently (but
without theoretical runtime limit), the second one is able to give a CPU time guarantee.
This guarantee, however, comes at the expense of sometimes not solving exactly the QP
that we want to solve within the given sampling time. In these circumstances—that arise
e.g. after large disturbances of the controlled process—an intermediate QP that lies between
the previous problem and the current one is solved, instead.

An implementation of the proposed online active set strategy, the software module OASES,
was tested on two test examples and its performance was compared to that of existing
methods for solving QPs, namely the primal active set solver gqpsol [62] and an imple-
mentation of the explicit approach [Q]. The first test example is a variant of a challenging
benchmark problem (first presented in [86]) where a chain of spring connected masses is
regulated back into its steady-state after a strong excitation. Second, we aim at controlling
a real-world Diesel engine at the Institute for Design and Control of Mechatronical Systems
in Linz, Austria.

The thesis is organised as follows: in Chapter Plthe required and motivating theoretical back-
ground of model predictive control, with focus on linear MPC, and parametric quadratic
programming is briefly summarised. Afterwards, Chapter [ reviews several existing and
widely used methods for solving quadratic programs. Our online active set strategy, includ-
ing its real-time variant, is presented in Chapter B which also contains a short discussion
on degeneracy handling and implementation details. The mentioned test problems form
the basis of a performance analysis of the proposed online active set strategy in Chapters
and @ Finally, Chapter [l is devoted to a conclusion and some ideas for future work.

The appendices comprise mathematical basics (Appendix [Al) and an implementation overview
of the software module 0ASES (Appendix Bl). Ultimately, an application of fast nonlinear
model predictive control to a gasoline engine is presented in Appendix [0 which initiated
the development of our online active set strategy from a practical point of view.



Chapter 2

Theoretical Background and
Motivation

This chapter begins by introducing the concepts of model predictive control. Putting the
focus on linear model predictive control naturally leads us to the description of a special
optimisation problem, the so called (parametric) quadratic program. We show how its
particular structure is exploited by the recently developed explicit solution approach which
motivated the proposed online active set strategy.

2.1 Model Predictive Control

Main concept of model predictive control (MPC) is to repeatedly calculate control actions
which optimise the forecasted process behaviour. The prediction is based on a mathematical
process model leading to a so-called open-loop optimal control problem which is solved at
each sampling instant. The optimised control action is applied to the system until the next
sampling instant when an updated optimal control problem, incorporating the new process
state, is solved. Hence, model predictive control is a feedback control strategy, sometimes
also referred to as receding horizon control (RHC).

. . L def
A (continuous-time) process model for a time inteval T = [tstart, tend] C R, —00 < tstart <
tend < 00, consists of

1. process inputs, or controls or manipulated variables, u: T — R™,
2. process states, divided into

(a) differential states x : T — R™ and
(b) algebraic states z: T — R™

3. process parameters p € R™

4. process outputs, or controlled variables, y: T — R™,

and defines a mapping (in function spaces) from a suitable subset of process input functionsﬁ
to the set of process output functions. This mapping is implicitly given by an initial process

1E.g. the set of all process input functions such that (ZZI1]) has a unique solution and (Z12)) is defined
for all t € T.
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state value and a system of differential algebraic equations (DAE)

T(tstart) = wo, (2.1.1a)
i(t) = f(tz(),2(t),u(t),p) VteT, (2.1.1b)
0 = g(tz(),2(t),ult),p) VteT, (2.1.1¢)
as well as
y(t) g (), (), p) VteT, (2.1.2)

where wg € R, f - Df C Ritnetnz+nutny _, R, g : Dg C RItnetnz+nutny _, R,
and §: Dy C RIFnetn=tnp Ry,

It should be noted that there exists a great variety of different model types within the MPC
context which can be roughly divided into first principles models and identified models.
First principles models try to replicate, e.g., physical or chemical laws of nature whereas
identified models are based on empirical measurements of the real process. The definition
given above is suited for dynamical first principles models which will be used throughout this
thesis except for Chapter [l In the latter case dynamical identified models are used which
were obtained by choosing the so-called state-space representation (Z1.II)-(ZI12)) such
that it best matches the measured inputs to the measured outputs. An important class
of identified models are so-called step or impulse response models, which do not include
process states and are described in more detail in [I8]. Another approach, which does not
clearly fit into the mentioned categories, is the usage of neural network models [69]. Further
examples for the different model types and their application in industry can be found in [72].

Model predictive control uses a process model in order to forecast the process dynamics
as well as the process outputs and calculates inputs which optimise this predicted process
behaviour with respect to a so-called objective function and subject to desired constraints.
The forecasting is performed for a certain period, the prediction horizon of length ¢, € R+,
by integrating the model equations (Z1TI).

A (continuous-time) objective function measures the process performance over the predic-

tion horizon T}, def [to, to + tp), to € [tstart, tend — tp), and is usually of the following Bolza

bpe: to+t
/ W (ty(),u(t)) dt + 6 (u(to + 1) | (213)

to

where ¢ : D, C RIFTw>nu — R and ¢ : Dy CR"™ — R are called Lagrange and
objective function!Mayer term, respectively. Note that the Lagrange term measures the
process performance during the prediction horizon whereas the Mayer term only evaluates
the process output at the end of the prediction horizon. We use the common convention
that the objective function is formulated in such a way that we aim at minimising its value.

One of the most important features of MPC is its capability to guarantee that process
inputs or outputs satisfy desired constraints which can be written in the following general
form

I < c(ty(t),u(t),p) , (2.1.4)

4



2.1. Model Predictive Control

where ¢ : D, C Ritwtnutne . R7e js 3 suitable function defining, together with
[ € R™, n. inequality constraints. It is obvious that also equality constraints can be
expressed using this formulation (although they could be included in g, too).

With these ingredients, namely Eqs. (Z211I)-(Z14]), we are able to formulate

Definition 2.1 (open-loop optimal control problem): Anopen-loop optimal control prob-

lem over the prediction horizon T, def [to, to+1p], tp € Rsg, is the task of finding an optimal
process input u(t) solving

to+tp

OCP(tg) : _min. /w(t,y(t),u(t)) dt + & (y(to + 1)) (2.1.52)
u®),y(t) ¢,

s. t. :L‘(t(]) = U}(](to) (215b

’ )

f'v(t) f (), z(t),ut),p) YteTy, (2.1.5¢)
g (tx(t),2(t),u(t),p)  VteT,, (2.1.5d)

( ) = ( (t), z(t),p) Vte Ty, (2.1.5¢)
L < c(ty(t),ult)p) VieT,, (2.1.5f)

where the notation wy(to) indicates that the inital process state depends on the starting
time ty. O

Let us assume that the process to be controlled via MPC starts at time instant tg.,, €nds
at time instant feng (00 < tstart < tend < 00) and that

to<t1 <...<tnguer Msample €N, (2.1.6a)

to  totarts  trampe = fend (2.1.6b)
is a sequence of sampling instants satisfying

ti—ticn < tp, Vi€ {l,...,Ngample} - (2.1.7)

After the solution of OCP(t;) the optimal process input %°P'(¢) is applied to the process
until the next sampling instant ¢; 1. Then the current process state is obtained (measured
or estimated) and the optimal control problem OCP(t;41) is solved with this updated
initial value for the process state. This yields the model predictive control concept which
is summarised in Algorithm 1] and illustrated in Fig. 211

One may ask why it is necessary to solve the open-loop optimal control problem repeatedly:
If one would choose ¢, def tend — tstart it would suffice to solve the first problem OCP (¢gtart)
and to apply the resulting justified if one assumes, from a purely theoretical point of
view, that the model describes the real process exactly and that all inputs can be applied
instantaneously to the real process.

However, these conditions are never satisfied in a real-world environment: except for very
rare cases there are always discrepancies between the model and real process, known as
model-plant mismatch, as the real process is too complex to model it exactly. Sometimes the
process dynamics are not even known completely making approximations or interpolations

5



Chapter 2. Theoretical Background and Motivation

necessary. Moreover, unknown disturbances are almost always present in real-world and
measurement noiseE impedes the exact determination of the initial process state. On the
other hand, the calculated optimal inputs often cannot be applied exactly to the real process.
Since actuators, valves and even electronic devices need a short time period, known as dead
time, to react, there is always a short delay in the application of the optimal inputs (although
this could be counteracted by prediction). A further delay stems from the fact that the
controller needs some time to calculate the new optimal inputs. And even if these delays
are negligible, deviations between the optimised and the applied inputs may occur because
the actuators are not able to behave like an, in principle, arbitrary (measurable) function
u(t) including discontinuities.

All these circumstances make a feedback control strategy mandatory for a real-world setup.
The incorporation of the current process state (as initial value) at each sampling instant
adjusts the predicted process behaviour to the real one leading to more reliable results.
Normally the more severe the above-mentioned effects are the more sampling instants are
chosen. If the sampling instants are chosen equidistant, i.e.

tend — Ustar . )
6 déf M’ tz déf 2-5 v’l, 6 {1,...,nsample}a (218)

Nsample

we call § € Ry the sampling time.

Algorithm 2.1 (model predictive control concept)

input:  open-loop optimal control problem OCP(¢y),
sequence of sampling instants tg,t1,...,t _1 as defined in (Z16)

? “Nisample

output: piecewise defined optimal process inputs u°P' : [tsiart, tena] — R™
(1) Set i« 0.

(2) Obtain current process state wq(t;) and formulate OCP(¢;).

(3) Obtain u°Pt(t), t € [t;, t; + tp], by solving OCP(t;).

(4) Set uoP(t) it (t) V¢ € [t;,t;41] and apply @oP(1)]
tit1.

(t:.4:,,] tO the process until
(5) if i = nsample —1:
stop!
else

Set i «— ¢ + 1 and continue with step (2).

2We should emphasise that the current process state wg is never known exactly in practice since it has
to be obtained by means of (more or less) inaccurate sensors.

6



2.1. Model Predictive Control

_I_ |
Iy S |
i

tol  to+o to +tp t

Figure 2.1: Main concept of model predictive control.

So far, our model predictive control formulation has been rather general as we did not
pose further conditions on the functions f, g, 9, ¢, ¥ or ¢. These functions should be
sufficiently smooth, e.g. twice continuously differentiable, in order to guarantee the existence
(and uniqueness) of a solution but they can, in principle, be arbitrary nonlinear functions.
The open-loop optimal control problems arising in this nonlinear model predictive control
(NMPC) context can, e.g., be solved using the direct multiple shooting method (see [15],
[14], [23], [24]) which is briefly summarised in Appendix [0 where also an application
example is given.

For ease of notation we eliminate the explicit dependencies of f, g, 4, c on ¢ and p, which
can be done without loss of generality:

e Our definition allows process models depending explicitly on time; most presentations
on this topic, however, require the process model to be time-invariant, or autonomous.
Explicit time dependence can be eliminated if an additional state x,_.1(¢) and the
additional differential equation

xnx—l—l(tstart) = tstart (2198)
fnoi(t) = 1 VieT (2.1.9b)

is introduced.

e Process parameters can be written as differential states by introduction of additional
states x,,,4i(t), 1 <i < n,, and imposing the additional equations

xanri(tstart) = DP; Vi € {]., . ,np} s (21103)
En,+i(t) = 0 VteT Vie{l,...,np}. (2.1.10b)
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The following presentation is restricted to time-invariant, linear open-loop optimal control
problems as they are more directly linked to the utilisation of the proposed online active set
strategy. Furthermore, from now on we make the assumption that the process model does
not include algebraic variables. This means that the process state is described by a system
of ordinary differential equations (ODEs)

z(lstart) = Wo, (2.1.11a)
i(t) = f(z(t),u(t)) VteT, (2.1.11b)

instead of a DAE system (ZZITI). This assumption is very common within the linear model
predictive control community.

2.2 Linear Model Predictive Control

The name linear model predictive control refers to situations in which a linear time-invariant
process model, linear constraints and a quadratic objective function is used. This does not
imply that the real process to be controlled has linear dynamics.

A (continuous-time) process model is called linear time-invariant (LTI) if it can be written
in the form

z(lstart) = wo, (2.2.1a)
#(t) = Ax(t)+ Bu(t) VteT, (2.2.1b)
y(t) = Cux(t) VteT, (2.2.1¢)

with constantﬁ matrices A € R X" B € R™*™ (C € R™*"  Since almost all real
processes exhibit nonlinearities, linear process models are often obtained by linearising a
nonlinear model at some working point, normally at a steady-state.

Definition 2.2 (steady-state): Every pair (Z,4) satisfying
0 = f(&,a) (2.2.2)
is called a steady-state of a system of ordinary differential equations
i(t) = f(z(t),ut)) VteT. (2.2.3)

This means that a process is at a steady-state iff it remains there if input 4 is applied. O

Constraints for a process model are called linear iff they can be written as
I < My(t)+ Nu(t), (2.2.4)

with constant matrices M € R™*™ N ¢ R"™*™« and a constant lower bound vector
[ € R™. As a special case of (ZZZ4), in most linear MPC problems at least bounds on the
inputs and outputs are imposed, i.e.

u(t)
y(t)

3Linear time-variant process models allow for time-varying matrices A(t), B(t) and C(t).

u VteT, (2.2.5a)

<
<y VteT, (2.2.5b)

8



2.2. Linear Model Predictive Control

where u, u € R™ and y, 7 € R™v. Input bounds typically express physical limitations of the
actuators, output bounds are often necessary to ensure safe process operating conditions.

The objective function (of Bolza type) is (convex) quadratic iff it can be written as

to+tp

% / (y(t) - yref) /Q (y(t) - yref) + (u(t) - uref) /R (u(t) - uref) dt
i (2.2.6)
45 to + 1) = yeat) P (ylt0 + 1) — et)

with constant matrices @ € S2%, R € Sl'y, P € S and constant reference value vectors
Yref € R™, Uref € R, - -

Matrix Q—we will discuss the meaning of P later—may penalise deviations of the pro-
cess outputs from a certain reference value, therefore positive semi-definitness is assumed.
Matrix R is required to be positive definite in order to penalise deviations of the process
inputs from a desired reference value. Positive definiteness of R is also necessary in order
to ensure that the resulting optimisation problem is strictly convex, as will be shown in
Theorem MPC problems with this type of objective are often referred to as reference
tracking problems; also trajectory tracking problems where y.of and uor vary with time are
conceivable. In the special case where y(t) défm(t) Vi eT, yref déf(D, Uref =) they aim at
regulating the process to the origin.

After these preperations we can give the following

Definition 2.3 (linear open-loop optimal control problem): A linear open-loop optimal

control problem over the prediction horizon T\, def [to, to+tp), tp € Rso, is the task of finding
an optimal process input u(t) solving

to+tp
. 1
OCPlin(tO) : z(guur(lt) 5 / (y(t) - yref) /Q (y(t) - yref) + (u(t) - uref) ,R (u(t) - uref) dt
10 B
1
+ 5 (y(tO + tp) - yref) ,P (y(tO + tp) - yref) (2273)
s. t. w(to) = wo(to), (2.2.7b)
#(t) = Az(t)+ Bu(t) VteTp, (2.2.7¢)
y(t) = Cx(t) VteT,, (2.2.7d)
I < My(t) + Nu(t) Vte Ty, (2.2.7¢)
where all quantities are defined as in Eqgs. (Z211), (Z24]), (Z2Z86]). )

2.2.1 Problem Discretisation

If u(t) is allowed to be an arbitrary measurable real-valued function, OCPy;, (and its gen-
eralisation OCP) is an infinite dimensional (over R) optimisation problem. Although there
exist necessary conditions—based on the calculus of variations or Pontryagin's maximum
principle [49), [Z0]—for finding the optimal solution of such problems, these so-called indi-
rect methods are of limited use for MPC purposes (cf. [12), p. 85-87]).

9



Chapter 2. Theoretical Background and Motivation

Direct methods parameterise the control functions in order to reduce the optimal control
problem to a finite dimensional one. This loss of degrees of freedom greatly simplifies the
solution of the problem but is normally irrelevant for process performance in practice. A
very popular control parameterisation is to require that the control functions are piecewise

constant (or piecewise linear) on an equidistant grid, as anticipated in Figure 2711 If the

prediction horizon [to, to-+tp] is divided into ny, intervals of length 5, %<

be written as:

tp op
. this can formally

u(to+i-0p+t) = u; Vte[0,0p) Vie{0,...,n, —1}, (2.2.8a)
u(to —l—tp) = Up,—1, (2.2.8b)

with u; € R™, 0 <7 < nj, — 1. In general, it is reasonable to choose
0p = 0-6, oceN. (2.2.9)

After a control parameterisation the trajectories z:(t) and y(t) can be expressed as func-
tions of the initial value wq and finitely many optimisation variables ug, ..., u,,1; thus
the optimal control problem OCPy, is transformed into a quadratic program (QP) which
comprises a quadratic objective function and linear constraintsE. Direct methods are usually
subdivided into three main variants depending on the way in which these trajectories are
evaluated:

e direct single shooting integrates the ODE system over the whole prediction horizon
at once for fixed values of wg and u;;

e direct multiple shooting [15] solves the ODE system independently on each interval
[to+i-dp,t0 + (i + 1) - 0] by introducing additional intermediate initial values and
adding continuity constraints to the NLP (see Section for further details);

e direct collocation [[(9] approximates the trajectory x(t) by piecewise polynomials
which satisfy the ODE only at a the points of a fine grid.

Also the constraints need to be discretised and their fulfilment is ensured only at a finite
number of time instants, e.g. at tg +4-dp, 1 < ¢ < n, — 1. Similarly, the continuous
objective function is evaluated on a discrete time-grid only (of course, this is always done
when using numerical quadrature formulae).

For the solution of linear open-loop optimal control problems a direct single or multiple
shooting approach is often appropriate. Therefore we parameterise the controls, or process
inputs, as piecewise constant functions on an equidistant grid ']I‘gisC def {ko, ..., ko +np —1}.
The objective function as well as the constraints are evaluated only at the time instants of
this grid and thus the values of the trajectories x(¢) and y(t) are calculated only there. We
end up with a

*In the general case the optimal control problem OCP is transformed into a nonlinear programming
(NLP) problem with a nonlinear objective function and possibly nonlinear constraints.

10



2.2. Linear Model Predictive Control

Definition 2.4 (discrete-time linear open-loop optimal control problem): A discrete-
time linear open-loop optimal control problem over the discrete-time prediction horizon

']I‘gisC def {ko,...,ko+np —1}, n, € N, is the task of finding a sequence of constant
optimal process inputs g, - - . , Uy tn,—1 SOlVINg
ko+np—1
disc . : 1 / /
OCPy, (ko) : - fr}clknﬂ .9 Z (Y — Yret) ' Q (Y — Yret) + (Uk — Uret) "R (U — Uret)
ykg ~~~~~ '!/kg+n§7 k=ko
uko AAAAA “koﬁ*np*l
1
+ 5 (ykoJrnp _yref) ,P (ykoJrnp _yref) (2 2103)
S. t. Ty = U)o(ko), (2 2.10b)
apy1 = A%, + B%y, Ve TOSC, (2.2.10c)
yr = Caxp VkeTIU{ko+np}, (2.2.10d)
I < My + Nug Ve T, (2.2.10e)

where all quantities, except for AYS¢ ¢ R"=*"z gnd Bdisc ¢ R"eXnu  are defined as in

Eqs. @27)), (224), (224). O

The discrete-time system matrices A45¢ and B¢ can be calculated from their continuous
counterparts: standard calculus leads to the solution of the ODE system (Z27d)

t
w(t) = et g(ty) + / =4 Bu(s)ds Vit > ty. (2.2.11)
to

If the process input on the intervall [kq, k1] def [to,to + Jp] has constant value uy € R™,

the process state at time instant g + d, is

t0+5p
w(to+6,) = elloTo—to)Az(zy 4 / 0t =9)A By (5) ds (2.2.12a)
to
t0+5p
= A a(to) + /e(t°+5ps)ABds up.  (2.2.12b)
— Adisc to

def

— PRdisc
def

It is easy to show by induction that the process states at all time instants in ’]I‘gisC can be
obtained via the same matrices A4¢ and BY¢ accordingly, provided that the values of
']I‘gisC are equidistant. For ease of notation, we drop the superscript “d5¢" from Adisc Bdisc
and "]1“3iSC in the remainder of this thesis if an equidistant discrete-time prediction horizon
is used.

11



Chapter 2. Theoretical Background and Motivation

2.2.2 Closed-Loop Stability

Now, we will give a short discussion on the meaning of the so-called terminal penalty
weight matrix P in Eqs. (Z2Z8), (ZZZa) and (ZZI0a)). It is introduced in order to
compensate the finiteness of the prediction horizon T,: due to (online) solution complexity
the prediction horizon is usually much shorter than the total runtime of the controlled
process, i.e. t, < tend — tstart- 1hus it may happen that optimal process inputs for the
time interval [t;,t; + ;] lead to very poor process performance afterwards. Of course, there
will be re-optimisations until ¢;+t, but too short-sighted actions can spoil future behaviour,
anyway, and it may even happen that the controller causes the process to start oscillating.
This observation, which has also great practical relevance, is topic of a huge number of
articles which investigate (necessary and) sufficient conditions for stability of a controlled
process (see e.g. [76], [55], [13], [20], [6I] and the references therein).

We consider a (discrete-time) time-invariant linear process model as described by equa-
tions (ZZI0D))-[2I0d]). Let us assume that the corresponding optimal control problem

OCP{¢(kq) is feasible for all wg o wo(ko) € R™ and its (unique) optimal solution is

the sequence ug,(wo), - - -, Uy +n,—1(wo). Then we can define a (usually nonlinear) vector-
valued mapping

J: R — R™
(2.2.13)

wo g (wo) ,

which enables us to write the ODE system of the closed-loop controlled process model as

T, = Wo, (2.2.14a)
Trr1 = Axp+ BJ(xk) Vk e Tp (2.2.14b)
= (A+BJ)(z) VkeT,. (2.2.14¢)

If (#,4) € R"= ™ denotes an arbitrary steady-state of the process model and

Yref déf Ci» Uref déf U (2215)

is chosen, J(Z) = @ holds because the objective function has optimal value 0 for the choice
up, = Vie{0,...,n, —1}. Thus, if the closed-loop controlled process is at this steady-
state it will stay there. The controlled process is called closed-loop asymptotically stable if
it returns to the steady-state (Z, u) from every initial process state value:

Definition 2.5 (closed-loop asymptotic stability): Let a discrete-time time-invariant
linear process model with steady-state (&, ), a corresponding open-loop optimal control
problem OCPI¢(ky) (which is feasible for all wy € R™) satisfying the definitions (ZZ2Z15])
and a map J as in (Z2Z13)) be given.

Then the process model closed-loop controlled through J is called closed-loop asymptoti-

cally stable iff
|z, — ||, — 0 as k — oo, (2.2.16)

no matter from which initial process state wg € R™ the closed-loop control is started. O

12



2.2. Linear Model Predictive Control

It is easy to show that a closed-loop controlled process model is closed-loop asymptotically
stable if and only if the norm of all eigenvalues of the mapping A+ BJ in Eq. (Z2ZT4d) is
smaller than one. Under some mild conditions (stabilisabilityﬁ and detectabilityﬁ), it can be
shown that linear MPC is closed-loop asymptotically stable if an infinite prediction horizon
is used (cf. e.g. [2 p.773]). For linear MPC with a finite prediction horizon the following
result holds [[74]:

Theorem 2.1 (stability of linear MPC): Let

k0+np71
: 1 / / L,

— R — P 2.2.17
ukor--fzr}l:(f{knpfl k‘zk;:o kawk i I + 2xk0+np xk0+np ( a)
s.t. xp, = UJQ(ko), (2.2.17b)
Trr1 = Axp+ Bury Vk >k, (2.2.17C)
T < Mazy V> ko, (2.2.17d)
u < Nuy Vi >k, (2.2.17¢)

with T € R™, uw € R™ and z, uw < 0, be a discrete-time linear open-loop optimal control
problem with vectors and matrices defined as in Definition [Z4. If, in addition, (A, B) is
stabilisable, (Q%, A) is detectable, and if P is the (unique) solution of the discrete algebraic
Riccati equation

P = Q+A'PA-APB(R+ B'PB) ' BPA. (2.2.18)

. . def .
Then there exists a finite value ny = ny, € N such that the sequence of optimal process
iNpUts Up, . .., Ugy+ns—1 as well as the optimal objective function value of (ZZI7) are also

optimal for the choice n,, e (without the summand including P). Thus, also the optimal
control problem (EZZITl) with finite prediction horizon ny, is closed-loop asymptotically
stable. o

Proof: Can be found in [[74]. O

This result shows that it is possible to replace the linear open-loop optimal control problem
over an infinite horizon (n, = co) by a finite one whithout losing optimality and stability.
Since it only states the existence of such an nj € N the question remains open: how
to choose n, in practice? The proof of Theorem [l is based on the observation that
there always exists a time instant nj; as from which no input or state constraint would
be violated even if they were omitted from the problem formulation (yielding the so-called
linear-quadratic regulator [B3]). If such an ny, is chosen as length of the finite prediction
horizon optimality of the solution is preserved. Therefore, it is suggested in [64], where a
similar strategy for the nonlinear case is presented, to ensure that n,, “is ‘large’ compared
to the system dynamics”. Of course, this is not a rigorous answer but as a rule-of-thumb
it should suffice to choose the length of the prediction horizon a few times larger than the

time the process needs to return into a steady-state after a strong pertubation.

®For a definition see any textbook on control theory, e.g. [2] or [90].
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Chapter 2. Theoretical Background and Motivation

2.2.3 Condensing into a Smaller Scale Parametric Quadratic Program

In this section we will show how the discretised linear open-loop optimal control problem
OCP¢(ky), which is a parametric quadratic program (cf. Definition EZTTI), can be trans-
formed into a smaller scale one. For ease of notation, we consider only the case when

def

the process is to be regulated to the origin (i.e. yi déka Yk > ko, Yref déf@, Upet = 0),

adaptations to the general situation are straightforward.

Using Eq. (ZZI0d) all process states at time instants greater than k( can be expressed via
the inital process state xy, and the input sequence uy, . .., Ugyin,—1:

Thot1 = Axp, + Buy,, (2.2.19a)
Troro = A(Axp, + Bug,) + Buggy1 = A%z, + ABug, + Bug,41, (2.2.19b)

j—1
Thot; = Alap, + ZAJfl*ZBukOH, Jje{0,...,np}. (2.2.19¢)
i=0

disc

In order to reformulate OCP};3¢(ko) we introduce the following augmented quantities:

‘Tk;() uk()
Tho+1 Uko+1
z . T ’ , (2.2.20a)
xk0+np uk0+npfl
@ R
Q
= def — def R
Q = : R = ‘ : (2.2.20b)
o .
P R
Id 0
A B
_ A? B AB B
A |, BE . . . . (22.20c)
Ane—1 A2 L. AB B
Amp Aw—1B Aw—2B ... AB B
M 0 N 1
_ : _ N _
= M . - , (2.2.20d)
M (D N l

wherein 7 € R(wH) e g ¢ R, Q ¢ RMwpFD)mex(ptl)ne R ¢ Rrpmuxnpnu,
A€ RMp+l)naxne. B c RMp+1)naxnpnu c Rmenex(np+1)nz € R MeXNpny

14



2.2. Linear Model Predictive Control

[ € R™™c_ Then the discrete linear open-loop optimal control problem OCPﬂinSC(k:O) (for
regulating the process to the origin) can be written as follows:

min 12'Qz + W Ru (2.2.21a)
s.t.  wr, = wolko), (2.2.21b)
T = Awrg, + Bu, (2.2.21c)
[ < Mz+ Nu. (2.2.21d)

Substituting (Z221H]) and (Z2ZZ1d) into the objective (ZZZ21al) and the constraints (Z22.21d))

yields

min %’ELI (BIQB + R) u+u (B/Q/_l) wo(kto) + %wo(ko)/A/QAwo(ko) (22223)
s.t. I < MAwy(ko)+ (MB+N)a. (2.2.22b)

This leads to

Theorem 2.2 (linear MPC and parametric QPs): The discrete-time linear open-loop op-
timal control problem [ZZI0) (with Q € S, P € Sl's, R € S['¥)) for a given constant
wo € R™ s a parametric quadratic program of the form

' Hu + ' Fwg (2.2.23a)
> [ — Euwy, (2.2.23b)

where H € R X mu [ ¢ R MuXnz (¢ RMWMeXp M [ ¢ R MeX"e  and the other
quantities are defined as in Eqs. (Z2Z20]). Moreover, the matrix H is positive definite. O

Proof: The first statement follows directly from the discussion above by setting the ma-
trices H Y BQB+R, F ¥ B'QA G MB+N, E % M4 and the remark that the
last summand of Eq. (ZZ22al) can be omitted since it is constant for fixed wq(kg). It is
easy to show that a QP of the same form is obtained for reference tracking problems.

It remains to prove that H is positive definite: @ € Sl'3 and P € SI'¢ imply that Q is
positive semi-definite and thus also B'QB. Furthermore, R € S implies that also R is
positive definite. Since H is a sum of a positive semi-definite and a positive definite matrix

it follows H € SQB'H". O

Following [15], we call the transition from the large structured QP (ZZZI]) to the smaller,
but less structured QP (ZZ23]) condensing. As a generalisation of Theorem P2, it can
be shown that the solution of a (discretised) nonlinear MPC open-loop control problem
is equivalent to the solution of a nonlinear program (NLP). Usage of the direct multiple
shooting approach [15] leads to specially structured NLPs which can efficiently be solved
via a sequential quadratic programming (SQP) method [[[1]], [85]. This class of methods is
based on the successive solution of a sequence of quadratic programs, instead of a single
one as in linear MPC (see also Section EE77).
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Chapter 2. Theoretical Background and Motivation

2.3 Quadratic Programming

In Section 22l we have seen that linear open-loop optimal control problems can be expressed
as (parametric) quadratic programs:

Definition 2.6 (quadratic program): The optimisation problem

QP : HelJiRn t2'Hz +2'g (2.3.1a)
€T n
s.t. Gz > b, (2.3.1b)

with
o the Hessian matrix H € S" % {M eR™™ | M =M,
e the gradient vector g € R",
e the constraint matrix G € R™*™, and
e the constraint vector b € R™,

is called a quadratic program. O

Therein, the inequality constraints (231B]) can also contain equality constraints, upper
constraints’ bounds as well as bounds on single variables z;, 1 < ¢ < n, by virtue of a
proper choice of G and b.

We denote the i-th row of the constraint matrix G by the vector G; the matrix composed
of the rows corresponding to constraints in any (ordered) index set A C {1,...,m} is
denoted by G. The corresponding part of the constraint vector b (or any other vector
v € R™) is denoted by by (va).

Definition 2.7 (feasibility, boundedness and convexity of a QP): A quadratic program
as defined in Definition 28 is called

o feasible iff its feasible set
def . n -
F = {#eR"|Gi>b} (2.3.2)
is nonempty and infeasible otherwise;

e bounded (from below) iff there exists a number oc € R such that

a<-¥Hi+ig VieF (2.3.3)

1
2
and unbounded otherwise;
e convex iff its Hessian matrix H is positive semi-definite, i.e.
n n def n / n
HeSly, SLHhy={MeS"|vVMv>0VveR"} (2.3.4)

and nonconvex otherwise;
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2.3. Quadratic Programming

e strictly convex iff its Hessian matrix H is positive definite, i.e.

HesS, S {Mes"|vMv>0VveR"\{0}}. (2.3.5)

©)

According to Theorem 22, all QPs arising within the linear MPC context have a positive
definite Hessian matrix. Thus we make the standing assumption that from now on all QPs
are strictly convex, unless stated otherwise. This also implies that all QPs are bounded
from below because of the following

Lemma 2.1 (boundedness of strictly convex QPs): Every strictly convex quadratic pro-
gram of the form (Z31l) is bounded from below. @)

Proof: If we omit the constraints it is obvious from standard calculus that the unconstrained
. . def _ . . .
QP (F = R") has exactly one global minimiser at # = —H~'g. Since the optimal objective
function value cannot decrease when the feasible set is made smaller, i.e. F C R"™, we can
def 1

choose o« = 53'Hi + i'g as a lower bound on all objective function values of the original

QP. U

This also shows that a strictly convex quadratic program always has a solution if it is
feasible:

Theorem 2.3 (Frank-Wolfe Theorem): If a quadratic program (2Z231) is bounded from
below on a nonempty feasible set F (as defined in (Z32))), then the objective function
attains its infimum on F, i.e.

1
JaPt e F: §x°pt'Hx°pt +2%g < ~#Hi+3g VieF. (2.3.6)
o

Proof: If F is compact this is true for any continuous objective function. A proof for the
general case can be found in the appendix of [35]. O

Duality is an important concept in linear programming that can also be extended to convex
quadratic programming [27] (and also to general nonlinear programming [89]): the main
idea is to formulate a second, the dual, problem which can be shown (under mild conditions)
to have the same optimal objective function value as the original, the primal, one. Moreover,
the dual objective function value at any dual feasible point provides a lower bound on the
optimal primal objective function value. These theoretical properties are very helpful when
proving optimality of a certain point and also lead to interesting practical methods for
solving quadratic programs, as will be demonstrated in Chapter

Definition 2.8 (dual quadratic program): We define the dual quadratic program of the
QP (23 to be the problem

Qpdual . pepiax, —L2'Hz +y'b (2.3.7a)
s. t. Hx+g=GYy, (2.3.7b)
y=>0, (2.3.7¢)
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Chapter 2. Theoretical Background and Motivation

where all quantities are definied as in Definition 28
The notions of feasibility, boundedness and convexity (cf. Definition [Z4) also apply to the
dual QP; its feasible set is defined as

Fual def {(#,9)eR" | HE +g=G"y, § >0}, (2.3.8)
accordingly. O

Since an extensive treatment of duality is beyond the scope of this thesis, we only summarise
the main result:

Theorem 2.4 (solution of primal and dual QP): Let a strictly convex primal and the
corresponding dual quadratic program (as defined in Definitions [Z8 and [Z8) be given.
Then the following holds:

(i) If 2°P* is a solution to QP (ZZZT)) then a solution (z°P*, y°P*) to QP! exists.
(i) If a solution (z°P, y°P) to QP! exists then x°P' is a solution to QP (Z3]).

(iii) In either case
1ot/ opt opt/ 1ot/ opt opt/
§poxp+xpg:—§poxp+ypb (2.3.9)

holds. @)

Proof: Can be found in [27], where a very similar result for convex QPs was first published
(note that our variant of the second proposition requires the invertibility of H). O

Corollary 2.1 (bounds on the optimal objective function values): Let afeasible, strict-
ly convex primal quadratic program with optimal solution x°P* and the corresponding dual

be given (see Definitions[Z8 and[Z8). Then the objective function value of the dual at an

arbitrary feasible point provides a lower bound on the optimal objective function value of
the primal, i.e.

1 1
@ HS™ 42y 2 —sEHE+ b ¥ (2,9) € FU (2.3.10)
©)

Proof: Since the primal QP is feasible and bounded from below (cf. Lemma [ZTJ) a solution
must exists according to Theorem 231 Thus Theorem [Z4] guarantees the existence of an
optimal dual solution (2°P*, y°P) implying

%xop“onpt + 2Py = —%:ﬂ(’p“HxOPt +y°Ph > —%j’Hj +9'b. (2.3.11)
for all feasible pairs (Z, 7). O

Corollary 2.2 (feasibility of primal QP): A strictly convex quadratic program is feasible
if and only if its dual is bounded (from above). O

18



2.3. Quadratic Programming

Proof: If a strictly convex QP is feasible Theorem Z4(i) ensures the existence of an optimal
solution of its dual. Thus, its dual is bounded from above.

If a strictly convex QP is infeasible Theorem (i) implies that its dual cannot possess an
optimal solution. Since its dual is feasible, (—H g, 0) is always a feasible point, it must
be unbounded (from above). O

In order to formulate explicit optimality conditions for quadratic programs we need the
following definitions:

Definition 2.9 (active and inactive constraints): Let a feasible quadratic program of
the form (Z31) be given. A constraint Gix > b;, 1 <1i < m, is called active at & € F iff

Gix = b (2.3.12)
holds and inactive otherwise. The (disjoint) index sets

o\ def . .
A(%) = {ZG{l,...,m} | ;m:bi} )
I(#) ¥ {ie{l,...,m} |G >b}
are called set of active constraints, or more common active set, at & and set of inactive

constraints at &, respectively. If z°P* is an optimal solution of the quadratic program the
correponding active set A(z°P") is called optimal active set. O

Definition 2.10 (working set): Let a feasible quadratic program of the form (EZ31I) be
given. Then arbitrary index sets

A C {1,...,m},

I % [, ml\A

are called working set and working set!working set complement, respectively. Their cardi-
nalities are denoted with

ny = |A],

ny = ’]I’ . O

Now we can state the following optimality conditions which are special variants of the
general nonlinear case (cf. [54], [57]):

Theorem 2.5 (Karush-Kuhn-Tucker conditions): Let QP (ZZ3l) be a strictly convex
and feasible quadratic program. Then there exists a unique z°P* € R™ and at least one
working set A C A(z°P') and a vector y°P' € R™ which satisfy the following conditions:

2Pt _ Gf&ygpt = g, (2.3.13a)
Gaz® = by, (2.3.13b)

Gz > by, (2.3.13¢)

g = 0, (2.3.13d)

Pt > (2.3.13e)
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Furthermore,
(i) x°P' is the unique global minimiser of the primal QP (231),

(i) (z°P*,y°PY) is an optimal solution of the dual QP (Z31).
(@)

Proof: A proof can be found in any textbook on optimisation, e.g. in [IZ, p.244]. O

Note that neither the set A nor the dual solution y°P' are necessarily unique. If all rows

of the matrix G are linearly independent and A is fixed, however, 3°P* would be uniquely

determined from Egs. (Z313al) and (2313Hl):

Lemma 2.2 (invertibility of the KKT matrix): Let the Hessian matrix H be positive
definite. Then the so-called KKT matrix

< é; Cj}) (2.3.14)

is invertible if and only if G has full row rank. O

Proof: It is obvious that the KKT matrix is singular if G does not have full row rank. A
straigtforward proof of the other direction can be found in [65, p.445]. O

If A = A(z°P"), the condition that G has full row rank is called linear independence
constraint qualification (LICQ). Unfortunately, we cannot make this assumption in general
within our algorithm, as we will see in Chapter Bl

2.3.1 Parametric Quadratic Programming

Quadratic programs arising in model predictive control only depend on the current process
state wp. Its (initial) value affects the gradient and the constraint vector but does not
change the Hessian and the constraint matrix, as shown in Theorem This is exactly
the situation where parametric quadratic programming can be applied: a (possibly infinite)
sequence of QPs with constant matrices but varying vectors.

Definition 2.11 (parametric quadratic program): The optimisation problem

QP (wo) : nélﬁ%r% s’ Hz + 2/ g(w) (2.3.15a)
s. t. Gz > b(wyp), (2.3.15b)

with H € R™", G € R™*", wg € R" and

g(wg) = h+ Fluyg, (2.3.16a)

(with F € R"™*" [E € R™*" | € R", | € R™) is called a parametric quadratic
program. O
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2.3. Quadratic Programming

For an arbitrary but fixed wy we yield an ordinary quadratic program of the form (Z3])
and therefore all definitions and results presented so far also carry over to a parametric
quadratic program. But since the gradient vector g(wq) and the constraint vector b(wg)
are both affine functions of the current process state wy, the feasible set (Definition 1),
its optimal solution (Theorem ZH), the set of active and inactive constraints at a certain
point (Definition 2Z9)) as well as its dual (Definition Z8) also depend on wg. Therefore
these quantities are written as F(wo), =°P*(wp), A(wo,zP"(wp)), I(wo,z°P*(wp)), and
QPdual(wo), respectively—but, for notational convenience, we will sometimes drop this
dependence when it is clear from the context.

Variations of the constraint vector may lead to infeasible QPs for certain values of wq and
thus we introduce the following

Definition 2.12 (set of feasible parameters): The set

P X {wp € R™ | F(wp) # 0} (2.3.17)
is called set of feasible parameters of a parametric quadratic program. O

It has some special properties which are crucial for the online active set strategy presented
in this thesis:

Theorem 2.6 (convexity and closedness of the set of feasible parameters): The set
of feasible parameters of a parametric quadratic program QP(wq) as defined in Defini-
tion ZIA is convexll and closed. o)

Proof: In order to prove convexity of P, we have to show: if two arbitrary but fixed

quadratic programs QP(wél)) and QP(wéQ)) are feasible, i.e. w(()l), w(()Q) € P, also every

quadratic program QP(TYUél) + (1 - T)w(()Q)), 7 € [0,1] C R, is feasible, which means

Twél) +(1— T)wéQ) cP.

If QP(wél)) and QP(wéz)) are feasible there exist (1), #(2) € R” such that
G > p(w) and GE® > b(wd)

hold. By multiplying these inequalities by 7 € [0,1] and (1 — 7), respectively, and adding
the results together

7GE + (1= 7)GE® = 7b(wf”) + (1= 7)b(wy”)

is obtained (since both 7 and (1 — 7) are nonnegative). Substituting Eq. (22316h]) yields

— b(Twél) +(1- 7')1062))

G(ch(l) +(1- T):i(z)) > (Tl +(1- T)l) + E(Tw((]l) +(1- T)w((f))

which shows 721 +(1-7)7() € f(TUJél)—l-(l—T)'w(()Q)) and hence Tw(()l)—i-(l—T)wéZ) eP.

6See Definition Bl
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Chapter 2. Theoretical Background and Motivation

Second, we show (similar to [I0]) that P is closed, i.e. its complement R™ \ P is open:
Corollary EZ2 shows that 1y € R" \ P is equivalent to the unboundedness of QP4 (41).
Moreover,

QP (1) unbounded <= 3G ER™: §>0 A §'b(up) >0 (23.18)

obviously holds. For fixed § > 0, the value y{b(w) depends continuously on wq as b(wy)
depends affinely on wg. Thus, there exists a neighbourhood N (1) of g such that

7'b(g) >0 Vg € N (i) . (2.3.19)
Since wg was arbitrary, this proves that R™ \ P is open and therefore P is closed. O

The set of feasible parameters P is not only convex and closed but it also can be subdivided
into a special collection of polyhedraﬂ, the so-called critical regions [8]:

Definition 2.13 (critical region): Let a strictly convex parametric quadratic program
QP(wo) with the set of feasible parameters P be given. Moreover, let z°P*(wy), wy € P,
denote its unique optimal (primal) solution and A (wg,z°*(wo)) the corresponding active
set (see Definition [Z9). Then, for every index set A C {1,...,m}, the set

CRy % {wo e P | A=A(wp, 2 (wp))} (2.3.20)
O

is called a critical region of P.
Theorem 2.7 (partition of the set of feasible parameters): For a strictly convex para-
metric quadratic program QP (wy) the following hold:

(i) All closures of critical regions c1(CRy,) are closed polyhedraﬂ with pairwise disjoint
interiors.

(ii) The set of feasible parameters P can be subdivided into a finite number of closures
of critical regions:

2m
P = |Jo(CRy), AiC{l...,m}. (2.3.21)
i=1 O

Proof: We only prove this theorem for the situation in which the linear independence
constraint qualification (LICQ) is satisfied for all wo € P; an extension to the general case
can be found in [60].

(i): Since this first part is trivial for empty critical regions we assume without loss of gener-
ality that CRy # 0 for an arbitrary A C {1,...,m}. This means that there exists a wg € P
for which A = A (wo, 2°P*(wp)) is the active set corresponding to an optimal solution 2:°P*
of QP (wy) satisfying the optimality conditions of Theorem 25 By substituting

2P (wo) = H ' Gy (wo) — H'g(wo) (2.3.22)

"See Definition B3
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2.3. Quadratic Programming

they can be written as

GaH'Glyt (wo) = balwo) +GaH *g(wp), (2.3.23a)
GrH Gy (wo) > br(wo) + GaH g(wy), (2.3.23b)
y* (wo) = 0, (2.3.23¢)
Yo (wo) > 0. (2.3.23d)

Note that the third KKT condition (Z313d) is strictly satisfied as A = A (wg, 2°P* (wy)).
This leads to

yf&pt(wo) = (GAH*IGA)_l (bA(wo)—i—GAH*lg(wo)), (2.3.24a)
GIH Gy (wo) > br(wo) + GaH 'g(wp), (2.3.24b)
yP (wg) = O, (2.3.24¢)
Yo (w) > 0, (2.3.24d)

in which Gy H~ G/, is invertible because of the LICQ. Finally, by substituting Eqs. (23-16al)
and (2316B]) we obtain that A is the active set of an optimal solution as long as the
following linear inequalities hold:

(GrHG) (GaHT'GL) ™ (Ba + GuH'F) (2.3.252)
— (Br+ GRH T F') ) wo > GrH ™Gl (GaH ™')™ s+

(GaH'GY) ™ (Ea+ GuH " FYwo > (GaH'GY) ' a. (2.3.25b)

O

Thus, we derived an explicit representation of a (nonempty) critical region CR 4. Its closure
with respect to the standard topology of R™ is obtained by replacing “>" with “>" in
Egs. (Z328)) and is thus a closed polyhedron.

By construction, the strictly convex quadratic program QP(wg) is feasible for every wg €
P which guarantees the existence of an unique optimal solution z°P*(wy), according to
Theorem 28, and a corresponding unique optimal active set. Therefore, the critical regions
are pairwise disjoint and hence their closures can only overlap at their boundaries.

(ii): Since an optimal active set exists for every wq € P, the set of feasible parameters P
equals the union of all critical regions. P also equals the union of all closures of critical
regions as it is closed (i.e. P = cl(P), cf. Theorem Z8l). The number of closures of critical
regions is finite because the number of index sets A is 2.

We will see in Chapter B that these facts—namely the convexity of the set of feasible
parameters as well as its partition into closed, convex, polyhedral critical regions—are very
important ingredients for the proposed online active set strategy; they are depicted in

Figure 2311

The proof of Theorem 211 also gives us some insight into the structure of the optimal solu-
tion 2°P*(wy) of the parametric quadratic program QP (wg). We summarise this important
result in the following
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Chapter 2. Theoretical Background and Motivation

Figure 2.2: Partition of the set of feasible parameters P into critical regions.

Theorem 2.8 (piecewise affine optimal solution): Let a strictly convex parametric
quadratic program QP (wg) and its set of feasible parameters P be given. Then the following
is true:

(i) Its optimal solution is a piecewise affine and continuous function

P P — R",

(ii) its optimal objective function value is a piecewise quadratic and continuous function

vrt. P — R

1
wy — §$°pt(w0)'HiU°pt(wo)+33°pt(w0)'9(w0)-

The notion ‘“piecewise” means that there exists a finite partition of P into polyhedral
critical regions such that the restrictions of z°P* and v°P' to each critical region are affine
or quadratic, respectively. O

Proof: Again, we only prove these results for the situation in which the linear independence
constraint qualification (LICQ) is satisfied for all wg € P and refer to [60] for an extension
to the general case.

Combining Eqs. (Z322)) and (Z3243)) yields an explicit affine representation of z°P*(wy)
over each closure of a critical region. Thus, 2°P! is piecewise affine over P and continuous
over each closure of a critical region. The boundary between two closures of critical regions
belongs to both closed regions and as the optimum is unique, the solution must also be
continuous across these boundaries (see also [8]).

The second part of the theorem follows trivially from the first. O
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2.3. Quadratic Programming

Continuity of the optimal solution function z°P* was already stated by Fiacco [32] in the
context of sensitivity analysis in nonlinear programming; Zafiriou [92] proved that x°P! is
piecewise affine in order to obtain stability results. Our formulation which explicitly uses
a polyhedral partition of P was introduced by Bemporad et al. [8] (and refined by Mayne
et Rakovic [60]) in order to derive a practical method for the offline solution of parametric
quadratic programs arising from MPC problems.

2.3.2 Explicit (Offline) Solution of Parametric Quadratic Programs

The third step of Algorithm Tl requires the solution of an open-loop optimal control
problem at each sampling instant during the runtime of the controlled process. Although this
task reduces to a simple optimisation problem if the process model (and the constraints) is
linear and the objective function is quadratic, namely a (strictly) convex quadratic program,
it may become computationally prohibitive if very short sampling times are necessary. Thus,
instead of solving each quadratic program during the runtime of the process using a standard
QP solver (see Chapter ), [8] proposed to solve all possibly occuring QPs beforehand, i.e.
solving the parametric quadratic program QP(wy), and look up the solution when needed.
Theorem guarantees that only a finite number of critical regions and the correponding
explicit affine representation of the solution have to be stored, making this explicit, or
“offline”, approach tractable. Since available (online) computing power is very limited (and
memory quite cheap) in most practical applications, explicit model predictive control soon
became very popular among the engineers of the MPC community. We outline the main
concept in Algorithm 222

Skipping technical details, we briefly explain the offline step (0) and the online step (3) of
the explicit linear MPC approach:

The parametric quadratic programm QP (wy), also referred to as “multi-parametric” quad-
ratic program to emphasise that wq is usually nonscalar, is solved as follows [8]: first,
an arbitrary parameter wg in the interior of a critical region is determined by solving an
appropriate linear program (LP). Then the quadratic program QP(wg) is solved which
enables the determination of a polyhedral representation {w € P | Aw > B} of the critical
region CR; with wy € CRj as well as an affine representation Cw + d of the optimal

solution over CR;. Afterwards, the complement P\ CR; can easily be divided into a

partition of m 4 Jim b convex polyhedra Py, ..., P by successive changes of the defining

inequalities A;w < b; into Ajw > b;. Finally, these steps are recursively performed for
Pi,...,Pp. Further refinements such as reduction of the number of QPs to be solved and
linear dependence handling are decribed in [7], [[75].

Step (3) can be implemented straightforward by just checking all polyhedral representations,
i.e. checking if Awg > b, until the correct critical region is found and then calculating the
optimal solution via Cwg + d. Since the number of critical regions may become very large,
[Z8] proprosed the construction of a binary search tree (however, this idea does not reduce
the offline complexity).

Although the explicit approach sounds quite appealing, it has a main drawback: since the
number of possible critical regions grows exponentially in the number of constraints (up to
2™ different active sets) it is limited to low dimensional parameter spaces P, i.e. to process
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Chapter 2. Theoretical Background and Motivation

models comprising only very few statesﬁ. Otherwise the offline computation and storage
requirements as well as the online effort for finding the correct critical region soon become
prohibitively large. A further serious problem in practice is that online tuning becomes
nearly impossible as the offline computation time blows up.

Therefore, several techniques for reducing the offline complexity at the expense of a subop-
timal online performance and slight constraint violations were presented in [[7], [51], [78].
The main idea is to combine several “small” critical regions to a “bigger” one. A differ-
ent procedure called partial enumeration is proposed in [68]: although exponentially many
critical regions exist only a very small fraction of them really becomes relevant during the
runtime of the process. Thus, instead of calculating all critical regions, only (a guess of)
this fraction is calculated and stored in a cache. If the critical region of the current QP
belongs to the cache its affine representation of the optimal solution is used. Otherwise,
while applying some suboptimal heuristical control action, the QP is solved online using a
standard QP solver and the corresponding critical region is added to the cache, afterwards.

Algorithm 2.2 (explicit linear model predictive control concept)

input: discrete-time linear open-loop optimal control problem OCPdiSC(kO),

lin
sequence of sampling instants ¢o, %1, ..., n, 00

output: piecewise defined optimal process inputs u°Pt : [0, tenq] — R™

(0) Compute and store an explicit piecewise affine representation of the solution x°P! to
the parametric quadratic program QP (wy) (before start of process!).

(1) Set i < 0.
(2) Obtain current process state wq(t;).

(3) (a) Determine a critical region CR 4, such that wg(t;) € CRuy,.

(b) Obtain first optimal process input ug, = (237", ..., 2ok ) from the explicit affine

representation of z°P* over the critical region CR4,.
(4) Set u°Pt(t) o U, V't € [ti,ti+1] and apply uy, to the process until ¢;4;.
(5) if @ = Ngample — 1:
stop!
else

Set i < i+ 1 and continue with step (2).

8State space dimensions of about five seem to be currently tractable via explicit MPC.
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Chapter 3

Existing Methods for Solving
Quadratic Programs

Having introduced the explicit, or offline approach for treatment of parametric quadratic
programs, this chapter is devoted to a short summary of existing solution methods for
quadratic programs. All methods to be presented are able to solve quadratic programs
arising in the online context of model predictive control but (almost) none of them was
written with this application in mind. We describe them for two reasons: first, our online
active set strategy is based on the so-called null space based primal active set method and
also inherits some features of the dual active set approach. Second, we will use an active-
set method as comparison in several MPC benchmark tests in Chapters Bl and Bl as such
methods are widely used in practice. Also interior-point methods are briefly mentioned for
completeness.

3.1 Primal Active Set Methods

Let us consider the task of solving a strictly convex quadratic program, as defined in Defi-

nition If the inequality constraints which are active at the solution, say A o A(z°PY),
are known beforehand this problem reduces to the following equality constrained quadratic

program:
QP : Hel]iRn to'Hx + /g (3.1.1a)
xT n
s.t. Gax = by. (3.1.1b)

Without loss of generality, we assume that the matrix G 5 has full row rank because otherwise
a suitable linearly independent subset of active constraints could be chosen. If QP,. is also
feasible Theorem implies the following necessary and sufficient condition for the optimal

(6 @) ) = () 12)

Thus, solving QP,. becomes equivalent to the solution of a linear system whose matrix is
invertible, according to Lemma 21 Since this is an rather trivial task active set methods

solution:
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Chapter 3. Existing Methods for Solving Quadratic Programs

aim at reducing a QP (Z31]) to a QP,, (B by identifying (a suitable subset of) the
optimal active set. An early active set algorithm for (general) quadratic programs was given
in [33]. The basic idea is indeed much older since also the famous simplex method [22]
for linear programming can be interpreted as specialised active set method (see e.g. [41]);
and the first implementations for the solution of quadratic programs were extensions of the
simplex method [88], [22].

Primal active set methods start with a feasible point 2@ (if such a point exists) and a
working set AQ C A(:E(O)) which serves as an initial guess for the optimal active set.
Then a sequence of feasible iterates #*) and correponding working sets A®, k > 0, are
determined: assuming that A® is indeed an optimal working set, the next iterate

gD &b ) | A ® (3.1.3)

is the optimal solution if and only if it solves Eq. (BI2):

H ) kD < —g >
Al = 3.1.4
(GM) 0 (-;,Xj;l) b (3:1.4)

H G Az®) Ha® 4 g
= N’“) = ( > . 3.15
<GA(’€) 0 —yj(&;l) 0 ( )

The reason why system (BZIH) is solved, instead of (BZTA), is that A®) is only a guess for
the optimal active set. Thus, when moving from z® to z*+1 along Az® it may happen
that an inactive constraint becomes violated which renders z**1 infeasible. In order to
avoid this (primal) infeasibility, the next iterate 2 **+1 is chosen as

Nty W (3.1.62)
with
— Gla®)
() def s i 4 G A0
T = mm{l, ig}g(r}:){ AL ‘GZAl' <0;p . (3.1.6b)

This choice of 7® ensures that

® Az® > by, IO 1 mp\A® (3.17)

G]I(k)x(k“) = Gﬂ(k)l‘(k) +T(k)GH(k)

holds, while G ywz**t) = b, is guaranteed by the choice of Az® (cf. Eq. (BIH)).
If Eq. (BI6H) leads to 7®) < 1 the constraint which caused this limitation of 7*)—the
so-called blocking constraint—is added to the working set, yielding the next working set
A®+D and the next iterate is determined in the above mentioned manner.

If there is no blocking constraint, i.e. 7®) = 1, a full step is taken implying that the optimal
solution of the quadratic program (Z3l) is found provided that A® s really the optimal
gc(:)l): if the unique op-
timal solution z®) of QP,. subject to the equality constraints GA(k):U(k) = by is found the
next step direction Az*+D must be zero. Therefore Eq. (BZLH) shows that the first op-
timality condition (Z313al) of Theorem is satisfied. Moreover, conditions (2313h)
and (Z3I3d) are fulfilled by construction; condition (2313dl) can be met by setting

active set. We can check this by looking at the dual solution vector y
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f . : . .. .
yéﬁjl) A, Thus, according to the last optimaltiy condition (Z313€l), the current iterate

z#+t) = 2(®) is indeed optimal for the inequality constraint quadratic program (2231)) if

(k+1)

and only if each component of y is nonnegative. If this is the case we have found

AK)
the optimal solution of (Z3ZI), otherwise we drop one the constraints corresponding to a
negative component of yl(f(:)l) from the current working set and proceed with determing a

new step direction Az®+D againfl.
A formal summary of the primal active set method is given in Algorithm Bl (cf. [65]):

Algorithm 3.1 (primal active set method)

input:  strictly convex quadratic program QP of the form (231I),
initial guesses for solution 2@ and optimal active set A (both optional)

output: optimal solution 2°P* of QP and working set A as defined in Theorem
(or message that QP is infeasible)

(1) Set k «— 0 and obtain feasible starting point @ and working set A©® C A(z©).

If such a point does not exists: stop (QP infeasible)!

(2) Calculate Az® and yl(f(:)l) from Eq. (BI13I).

(3) if Az® =0:

(k+1)
AK)

Optimal solution of QP found: set z°% «— 2®) and A — A®_ stop!

if y > 0:

else

Drop a constraint j € A® with yj(-kﬂ) < 0 from working set,

ie. AGHD AR\ {51 and continue with step (2).

(4) Compute step length 7®) via Eq. (BL8H) and set z*+1) — z®) 4 7R Az®),

(5) if 7® < 1:
!/ (k

bi—Glz® .
LT to working set,

Add a blocking constraint j = arg min A

igA®
ie. AGHD — AR U {5}
else

Set AK+D)  A®)

(6) Set k — k+ 1 and continue with step (2).

It can be shown, see e.g. [65] p.459-461], that the dropped constraint remains satisfied along the new

step direction Ag®+D.
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Some steps of Algorithm Bl need further attention:

Initialisation: If no feasible starting point is given by the user the algorithm has to find one
in the first step, also known as Phase | (see e.g. [34]). The idea is to formulate an auxiliary
(linear) problem for which a feasible point is known and whose solution delivers a feasible
starting point for the original problem. For our QP formulation such a phase I, or feasibility,
problem can be the following

peR”r””I}’i,I;eR” 1'p (3.1.8a)
s.t.  Gfz+p > b, (3.1.8b)
Gr> b, (3.1.8¢)

p >0, (3.1.8d)

where (BI38H) describes a relaxation of the m,, 0 < m, < m, constraints with positive
components of the constraint vector, i.e. b+ > 0, and (BI8d) describes the (m — m,)
constraints with nonpositive components of the constraint vector, i.e. b~ < 0. Then the
choice

2@ g pO Lyt (3.1.9)

is obviously a feasible point for the auxiliary problem (BI8]). Furthermore, the original
problem (Z23]) is feasible if and only if the auxiliary problem has an optimal objective value
of 0. If that is the case all components of p must be zero and the remaining optimisation
variables x form a feasible starting point for the quadratic program (ZZ31I). The initial
working set can be chosen as a (linearly independent) subset of the active constraints at
the starting point.

According to [45], “computational experience indicates that, unless a feasible point is avail-
able, on the average between one-third to one-half of the total effort required to solve a
QP is expended in phase " If, as in model predictive control, a sequence of neighbouring
QPs is to be solved optimal solution and corresponding working set of the last QP can be
used to initialise a primal active set solver. This warm start idea not only can save the
phase | but also may reduce the number of iterations significantly. But due to changes
of the constraint vector the former solution may become infeasible which makes a phase |
neccessary and thus ruins the possible benefit of warm starts.

Dropping a constraint: If several active constraints correspond to a negative component of
the dual solution vector in step (3) the question arises: which one should be removed from
the working set? A common choice is to select the constraint

j = argmin yZ(k). (3.1.10)
icA®)
It "works quite well” [34] in practice “but has the disadvantage that it is susceptible to the
scaling of the constraints.” [65]

Linear independence of active constraints: The theoretical derivation of the primal active
set algorithm is based on the assumption that matrix G & has full row rank at each
iteration k£ > 0. Provided that a linearly independent intial working set A O is chosen, this
assumption can only be violated when a constraint is added to working set in step (5), as
the deletion of a row cannot lead to rank deficiency. Since the step direction is chosen such
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that all active constraints remain satisfied for all step lengths no constraint which is linearly
dependent from them can become a blocking constraint, and thus cannot be added to the
working set.

However, there may be points at which the active set is linearly dependent, so-called
degenerated points. At such points successive deletion and addition of constraints with
zero step size in between can happen (each leaving the working set linearly independent).
And it may be that the sequence of working sets obtained be deleting and adding constraints
at such a degenerate point repeats itself after finitely many steps, a phenomenon known
as cycling. "Fortunately, the occurence of cycling is rare” and “simple heuristic strategies
almost always succeed in breaking the deadlock” [42]. In contrast, [[65] states that “most
QP implementations simply ignore the possibility of cycling.”

Finally, we want to mention that Algorithm Bl terminates after a finite number of iterations
at the optimal solution of a strictly convex and feasible quadratic program (2Z231) provided
that no cycling occurs (cf. [65, p. 466-467]).

In the next two subsections we will have a closer look at how to solve system (BID)
efficiently.

3.1.1 Null Space Method

Solving system (BID]) can be interpreted as solving an equality constrained, strictly convex
quadratic program similar to QP,. (see [38]):

min IAz® HAz® + Ax®'(Hz® + g) (3.1.11a)
Az (k) eRn
. t. GuwDz® =0. (3.1.11b)

The equality constraint implies that a point is feasible if and only if it lies completely in
the null spaceﬁ of the active constraints matrix Gy &) . So, if Z®) ¢ Rnx(n=n4) js 3 matrix
whose columns form a basis of the null space of G ), i.e. GA(k)Z(k) = 0, every feasible
point can be written as

Az® = ZzWALD AW e groma (3.1.12)

A null space basis matrix Z®) can be obtained by calculating a QR factorisationE of ij):

(k) . U®
(v® Z(k))( . >d:f V(k)( . ) = G, (3.1.13)

where V) e R™ " is an orthonormal and U®) e R™*"4 an upper triangular matrix;
Y® e R**na and Z®) e R™*("=14) are orthonormal matrices containing bases of the
range and the null space of Gy, respectively.

Substituting Eq. (B112)) into (BIITI) leads to the following unconstrained quadratic prob-
lem:

min AP 720 oz AL® 4 ALB 70 (H2®) 1 g) (3.1.14)

2See Definition B4
3See Theorem
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whose solution is

—1
Ar®) — (z<k>'Hz<k>) 7 <Hx<k> +g) (3.1.15a)
s RWRWHAL -zt ( Ha® 1 g) . (3.1.15b)

Therein R%’R®) is the Cholesky decompositionﬂ of the projected Hessian matrix Z®'H Z®),
with an upper triangular matrix R®) ¢ R(»—na)x(n=n4) |ts existence is guaranteed by the
positive definiteness of H and the fact that the basis matrix Z® has full column rank.
Since R® is an upper triangular matrix, Eq. (BZ150l) is easily solved via a forward and a
backward substitution.

Then the associated dual solution vector can be obtained as

HAz® — G,y = — ( Ha® o g> (3.1.16a)
— yit ! = (GaowGlw) " Guw (HZDAZY) + Ha® + g), (3.1.16b)
= U(’f)ygg(;l) =y® (HZ(k)Am(Zk) + Hz® + g> ) (3.1.16c)

where Gy G, 5, is invertible because Gy &) has full row rank. Eq. (B1.I5H) can be solved
via a backward substitution as U®) is an upper triangular matrix.

The null space method uses Eqs. (B1I5h]) and (BII6d) to calculate the solution of the

KKT system (BI0); the matrix factorisations are introduced in order to calculate a null
(k+1)
A

inverting the projected Hessian matrix. Inverting the projected Hessian matrix as well as

calculating the matrix factorisations from scratch requires O(n?) floating-point operations.
So, the factorisations seem to be of limited use as they change whenever a constraint
is added to or deleted from the working set. But because of the simple nature of these
changes, update schemes for Cholesky and QR decomposition were described in [36], [44],
[Z1] which reduce the effort to obtain the changed factorisations to O(n?). Thus, also the
number of floating-point operations for solving the KKT system only grows quadratically in

space basis matrix, which greatly simplifies the calculation of y , and to avoid explicitly

the number of optimisation variables. We will discuss these matrix updates in more detail
in Section as our online active set strategy is based on the null space approach and
also makes use of them.

Two well-known implementations of the null space method for quadratic programming are
gpsol [62] and gpopt [63]. We also note that the null space method is applicable as long
as the projected Hessian is positive definite, which not necessarily requires the Hessian
matrix to be positive definite; an extension to indefinite quadratic programs is described
in [40]. Furthermore, since Z® is chosen orthonormal, the condition numberﬁ of the
projected Hessian is the same as that of the Hessian itself. This makes the null space
method numerically more stable than the range space method, which we present next.

*See Theorem Bl
5See Definition A1l
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3.2. Dual Active Set Methods

3.1.2 Range Space Method

Assuming the Hessian matrix H to be positive definite, the KKT system (B35l can also
be solved by calculating the inverse of the KKT matrix explicitly:

Guw O W®G, @ H™! —w®
-1
where T ® % <GA<k) H_lG;w)) € R™*"4_ Exploiting common subexpressions leads
to the following solution formulae for system (BI5):

y o = WG, B! (Hm(’“) n g> , (3.1.18a)
Az =BGyl — H (Ha® 4 g) (3.1.18b)
= (H'GWOGwH™ — ) (Ha® 4 g). (3.1.18¢)

This representation of the solution is called range space approach because the Hessian
matrix is projected to the range space of the active constraints. This form has the disad-
vantage that the condition number of GNk)H*lGA(k) is that of the Hessian multiplied with
the squared condition number of Gf&(k), which renders the range space method inappropri-
ate if the active constraints matrix is ill-conditioned; the same holds if the Hessian matrix
H is nearly singular.

On the other hand, this approach becomes attractive if the Hessian matrix is easy to invert
and the number of constraints in the working set remains small. This is in contrast to the
null space approach where the dimension of the projected Hessian Z®'HZ®  and thus
the number of correponding linear algebra operations, decreases with the number of active
constraints.

Eqgs. (BII8]) are not directly applied to calculate the primal step direction and the dual
solution vector, instead, as in the null space method, matrix factorisations are used. [37] pro-
posed a Cholesky decomposition of H

H = R'R, R<cR"™" upper triangular, (3.1.19)

and a QR factorisation of Gy x) R~!. These factorisations are updated in each iteration as
explained in [36], [44], [21].

3.2 Dual Active Set Methods

In this section we give a short description of dual active set methods which have some
similarities to our proposed online active set strategy. While primal active set solvers start
at a primal feasible point and produce a sequence of primal feasible iterates, dual active set
methods maintain dual feasibility until an iterate becomes also primal feasible, and hence
optimal. This approach is equivalent to solving the dual of the quadratic program QP dual
(see Definition Z8)) with a primal active set solver (cp. [34]). We present the famous dual
active set method by Goldfarb and Idnani [B0], [45] which is applicable to strictly convex
quadratic programs. For an extension to convex QPs we refer to [16].
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Chapter 3. Existing Methods for Solving Quadratic Programs

One motivation for developing dual QP methods is the trivial but important observation
that the pair
(x(O),y(O)) def (—H_lg, (D) e dual (3_2_1)

can serve as a dual feasible starting point for solving QP9 (with an empty working set
A(O)). Thus, besides this computationally cheap matrix-vector calculation, no Phase | is
necessary!

In the following we divide the dual vector y*) into an active part yg?k) and an inactive part
y]gfk)) where T0) € 11 m1}\ A® is the working set complement (note that 1%) may

contain currently violated constraints). After obtaining (z(©, yg)()o)) = 2O it is checked if
this point is also primal feasible, i.e. if Gz > b is satisfied. In this case the unconstrained
minimum x(© is already the optimal solution. Otherwise a violated (primal) constraint, say
Glx® < by with 1 < g < m, is selected which shall be satisfied (with equality) by the next

)
AD
and the dual variables such that a violated constraint ¢ ¢ A% becomes active, and hence

feasible, at iteration k + 1:

iterate (), y/, /). More generally, at iteration k we want to perform a step in the primal

kD ® A ® (3.2.2a)
(k) (k)
(k+1) def Yato Ay
Ynovogg = P e —|—T< 1A(k)> (3.2.2b)
q

for an arbitrary £ € NU {0} and a fixed 7 € R>o—the definition of the next working set
AF+D and the projection matrix P will be introduced soon. Note that the component
of the dual vector correponding to the gth constraint y((lk) does not need to be zero as

constraint ¢ is not feasible. The step directions are determined as follows:

At (G WG, H T - ) G, (3232)
Aygc()k) def —W(k)GA(k)HilG;- (3.2.3b)

Therein Az® is chosen such that all (primal) constraints in the working set A®) remain
active, cf. Egs. (BI1I8]) of the primal range-space method. The primal-dual step length
7 should be the minimum step length in the primal variables such that the gth constraint
becomes feasible (i.e. active); on the other hand 7 must be small enough to maintain
feasibility of the dual variables:

N S if AzK) =0
pprim €€ G:Zm(k)—bq , (3248)
A else
(k)
7_dual déf 'min {_yA—((IZ) ‘ Ayl(k) < O} , (324b)
i€Ak) Ayz
def . rim _dual
o del mm{Tp T } (3.2.4c)

where the minimum over an empty set is defined as oo, which is greater than any real
number.
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3.2. Dual Active Set Methods

If the primal step direction Az®) is not zero a primal-dual step is taken, trying to make
the gth constraint active while maintaining dual feasibility. Two cases can occur:

1. 7 = 7P A full step in the primal variables can be taken, ¢ is added to the

working set. This means that A%+ def A {q} and P def Id‘A(k+1)’ is chosen in

Eq. B220).

2. 7 =799l Only a partial step can be taken as the blocking constraint

(k)
j def argmin < — yA((IZ) ‘ Aygk) <0 (3.2.5)
ieA®) Ay,

must be dropped from the working set in order to keep dual feasibility; constraint
g remains infeasible. Thus, in Eq. @22H), Ak+D %AW \ {5} is defined and

p¥ P; deletes component y§k) from the right hand side vector (i.e. P; equals the

{A(k) + 1| X {A(k) + 1| identity matrix from which one row is deleted).

If the primal step direction Az®) is zero the gth constraint cannot be satisfied while all
other (primal) constraints in A®) remain active. Thus, no primal step is taken in this case.
Instead, provided that 79" < oo, a partial dual step is performed which annihilates one

component of Ayg(:)l) and allows to drop the corresponding active constraint from the
ef

working set (A®+D) and P o P; as in the second case above). If such a constraint does

not exist, i.e. 7 = 798 = 0, the quadratic program is infeasible.

(k+1)
Ak+1)

working set A®tD and constraint ¢ is tried to made active, i.e. feasible, again. As soon as
a full step can be taken (if the quadratic program is feasible this must occur if the working
set is empty, at the latest), a new violated constraint ¢ is chosen and the whole procedure
is repeated. If no violated constraint can be found the primal and dual feasible solution
(z°Pt, y°Pt) of QPIual is found, which also delivers the solution 2°P* of the corresponding
QP. We formalise this dual active set method in Algorithm (cf. [45]).

After a partial step new step directions Az* D Ay are determined for the updated

It should be mentioned that a violated constraint ¢ which became active may become
inactive and afterwards violated again; the choice of the step directions only ensures that
active constraints remain active. But since it can be shown that the (primal) objective
function value strictly decreases in every iteration—provided that no cycling due to primal
degeneracy occurs, see page BIlfinite termination of Algorithm is guaranteed [45)].
The step direction computations in Eqs. (B22Z3)) are very similar to that of the range-space
method (cf. Section BI2)) and similar matrix factorisations and formulae for matrix updates
after a working set change exist. Therefore, also recalling that there is no necessity of a
phase |, dual methods can be implemented rather efficiently.

A recent implementation particularly suited for large-scale, sparse Hessian and constraint
matrices is QPSCHUR [3]. It is based on a third possibility for solving the KKT sys-
tem (BIZ), the so-called Schur complement (see e.g. [41]).
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Chapter 3. Existing Methods for Solving Quadratic Programs

Algorithm 3.2 (dual active set method)

input: strictly convex quadratic program QP

output: optimal solution z°P* of QP and working set A as definied in Theorem
(or message that QP is infeasible)

(1) Set k « 0, obtain feasible starting point (z(©, y©) def (—H"'g,0) and correspond-

ing working set A© Ly,

(2) Choose a violated constraint g € {i ¢ A® ‘ Giz® < b;}. If such a constraint does
not exist the optimal solution is found: set 2°P* «— z®) and A — A® stop!

(3) Calculate primal and dual step directions Az® and Aygc()k) from Eqgs. (B3Z3)).

(4) Compute step length 7 (and 7P rdual) vig Eqs. (B2F).

(5) if Az® =0:
if rdual — oo
stop (QP infeasible)!

else (799 < o0)

Remove blocking constraint j = arg min {—

‘ Ay (k < O} from working
icAk)

Ay
set, i.e. AFHD — AB\ {51

®
Set kD) — k) yg“(:ﬂ)u{ , <P << Aé?) +7 <Ay1m) )>

as well as k < k + 1 and continue with step (3).
(6) if 7 = 7Prim:

Add the formerly violated constraint ¢ to the working set, i.e. A®+D) — A® U {q}.

(k)
Set 2* D) — z®) 4 7 Az®) yf@ﬂ) — (yj(k)> +7 <Ayf<’“))

as well as k < k + 1 and continue with step (2).

else (7 = rdual)

Remove blocking constraint j = arg nil)n {—Ay:z) ‘ Ayz(k) < 0} from working
ich i

set, i.e. AGTD — AW\ {5},
(k)
k1 A

as well as k < k + 1 and continue with step (3).
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3.3 Interior Point Methods

So-called primal-dual interior point methods have emerged as a strong competitor to active
set methods. Initially developed for linear programming, they were extended to convex
quadratic programming and to general nonlinear programming afterwards. Since a detailed
description is beyond the scope of this thesis we refer to [91] for an overview. The main idea
can be summarised as follows: first observe that the KKT optimality conditions (Z313])
imply that a primal-dual pair (m(k), y(k)), k > 0, is optimal if and only if

Hz® —gy® = —g, (3.3.1a)
Gz® > b, (3.3.1b)
y® > o, (3.3.1¢)

y® <Gx(k)—b>i = 0 Vie{l,...,m}. (3.3.1d)

Interior-point methods relax the so-called complementary slackness condition (B31d) to

yz(k) (Gx(k) - b)_ = u® vie{l,...,m} B31d)
for some p® € R and produce a sequence of iterates (z*), y®) which strictly satisfy
Eqgs. (B31H) and (B3Id). The optimal primal-dual solution is finally found by ensuring
1 — 0 for k — oo.

One famous implementation for convex quadratic programs is LOQO [81]; another one for
general NLPs is IpopT [82]. For interior point methods, a polynomial runtime guarantee
can be given and they posses relatively constant computational demands. But they suffer
the drawback that no efficient warm start techniques exist so far. "For large QPs with
many active inequality constraints the interior point approach is expected to require far
fewer iterations than an active set method to arrive at the solution. However, each of the
interior points iterations is many times more expensive than the iterations performed in an
active set method.” [4].

Interior-point methods have also been proposed for use in model predictive control [[73].
Comparisions with active set solvers indicate that it depends on the problem’s characteristics
which method should be preferred [5], [4].
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Chapter 4

An Online Active Set Strategy for
Model Predictive Control

4.1 Main ldea

Inspired by the explicit solution approach, but aiming to avoid its prohibitive offline compu-
tational cost, we propose an online active set strategy for use in model predictive control.
It builds on the expectation that the active set does not change much from one quadratic
program to the next, but is different from conventional warm starting techniques. For
transition from the old QP to a new one, we propose to move on a straight line in the
parameter space, i.e., in the set P. As this set is convex, cf. Theorem P8, we can be
sure that all QPs on this line remain feasible and can be solved. As long as we stay in one
critical region, the QP solution depends affinely on wg. If we have to cross the boundaries
of critical regions during our way on the line, which is illustrated in Fig. BE1l Theorem
ensures that the solution can be continuously continued.

Let us assume that we have solved a parametric quadratic program of the form (2315
for a certain initial state wq and (after one sampling time) want to solve it again for a new

initial state vector wi®" with unknown solution (mggév, yﬁg‘ﬁ,). By setting

def new

Awy = wi™ —wy, (4.1.1a)
Ag = g(up™) ~ gluwo) = F'Auy, (4.1.16)
Ab Y bwp™) — b(wg) = EAwyg, (4.1.1c)

we can re-parameterise gradient and right hand side vector as follows:

wo: [0,1] — R"=, Wo(T) = wo + TAwy, (4.1.2a)
g: 0,1 = R", 3(r) & glwo) +7Ag, (4.1.2b)
b: 0,1] — R™, b(r) Y blwy) + TAD. (4.1.2¢)
This leads to a re-parameterised form of QP (wy):
QP(7) : min to'Hz + 2/g(7) (4.1.3a)
s. t. Gz > b(r). (4.1.3b)



Chapter 4. An Online Active Set Strategy for Model Predictive Control

According to our assumption, we know the solution z°P* and y°P' (and a corresponding
working set A) of QP(wg) and want to solve QP(wg®V). The basic idea of our online
active set strategy, which has previously been proposed by [II] in a different context, is
to move from wy towards wi, and thus from (z°Pt, y°Pt) towards (zkw, yhew ), while
keeping primal and dual feasibility (i.e. optimality) for all intermediate points. This means
that we are looking for homotopies

Z°P': 0,1 — R, ZOPH0) = 2P, FOPY(1) = aphy, (4.1.42)
gort: [0,1] — R™, 7P (0) =y, GPN(1) = Yol (4.1.4b)
A:[0,1) — 2lbmb o A(0) = A, A(r) C{1,...,m}, (4.1.4¢)
I 0,1) — 2-mb I, m\ A, (4.1.4d)

which satisfy the conditions of Theorem at every point 7 € [0, 1]:

H GK(T) jOpt( ) o ~_§(7_)
)

Gy ~"Pt(T) > by (7). (4.1.5b)
g (1) =0, (4.1.5¢)
~opt
g () = 0. (4.1.5d)

This implies that 2°P*(7) and §°P*(7) are piecewise linear functions and that Z°P!(7) is also
continuous, as shown in Theorem Z8. Thus, locally we must have a relation of the form

P (7) et popt 4 7 AZOPt (4.1.6a)
s a0

which holds for sufficiently small 7 € [0, Tmax], Tmax € R>o.

Because we start from an optimal solution we know that conditions (B1.5) are satisfied at
7 = 0. Therefore equality (BIRal) is satisfied for all 7 € [0, Tmax| if and only if

H G AxOPt —Ag
= 4.]..
(GA 0 ) ( Ay ) =\ Av, (4.1.7)
holds. Because it will be ensured that all rows of G4 are linearly independent, Eq. (E1.1)

has a unique solution, as shown in Lemma
The active set stays constant as long as no previously inactive constraint becomes active

(cf. (BIED)), ie
G; (xopt + TAxOPt) = bi(wo) + T7Ab; (4.1.8)

for some i € I(0), and no previously active constraint becomes inactive (cf. (EEL5d), i.e.
Opt +7Ay; = 0 (4.1.9)
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4.1. Main ldea

Figure 4.1: Homotopy paths from one QP to the next across multiple critical regions.

for some i € A(0)
Tmax as followdd:

prim
Tmax

dual

max

Tmax

. Therefore, we determine the maximum possible homotopy step length

min {bi(wO)

i€l(0)

. yoP!
min { —
ich(0) | Ay

min {1, 75,

— G;xopt , opt

GIAZP — Ab; ‘ G AL < Abz} €Rxg, (4.1.10a)
‘ Ayi < 0} € R>o, (4.1.10b)
ot} e [0,1]. (4.1.100)

This choice of Ty,ax ensures that conditions (BLI5E]) and (BI5d]) remain fulfilled. Moreover,

if we define Ay,

opt 90 then also equality (15d) holds for all 7 € [0, Trax]-

Our online active set strategy is summarised in Algorithm BTl (where the homotopy interval

[0,1] is implicitly rescaled after each working set change, for notational simplicity and
implementation elegance).

! Again, the minimum over an empty set is defined as co.
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Algorithm 4.1 (online active set strategy)

input:  data and solution (z°P', y°P') of QP (wyo),

corresponding working set A,
new parameter wi" € P

output: solution pair <x355v,y35$v) of QP(w§®™),

corresponding working set A"V

Calculate Awg, Ag and Ab via Eqgs. (EIT).
Calculate primal and dual step directions Axz°P* and Ay°P* via Eq. ([ELT).
Determine maximum homotopy step length Tp,ax from Egs. (E1I0).

Obtain optimal solution of QP (1y):
(a) Wo +— Wo + TmaxAwo,
(b) FOPt . popt + 7_maXAxoptv

(C) gopt — yopt + TmaxAyopt-

if Tpax = 1:
Optimal solution of QP (wy®") found.

t ~ t -
Set Tpow — T°PY, ynbw «— §°P* and AV « A. stop!

if Thax = Trill‘;il:
opt
Remove a dual blocking constraint j € A <7’§11‘;§‘(1 = _ij_yJ) from working set,
ie. A — A\ {j}.
prim

elseif Tax = Tmax :
. . . i b; (wo)—G',zOPt .
Add a primal blocking constraint j (Tﬁﬁ? = %) to working set,
J J

i.e. A — AU{j}, while ensuring linear independence (see Section ER.T]).

Set wq «— Wp, 2Pt « TP, y°Pt « §OPt and continue with step (1).
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4.2 Real-Time Variant

One advantage of our online active set strategy is that it produces a sequence of optimal
solutions for QPs on the homotopy path. Thus, it is possible to interrupt this sequence
after every partial step and start a new homotopy from the current iterate towards the next
QP. In particular, no Phase | as in standard active set methods is neccessary because every
iterate is optimal and therefore feasible. Of course, if we interrupt the homotopy before the
solution is reached we may stop at an infeasible point with respect to the QP we want to
solve.

In a real-time scenario one can try to find the optimal solution of the current QP within
a given sampling time. But if too many working set changes are nessesary to get from
the solution of the old QP to that of the current QP one can just stop the solution of the
current QP and start a new homotopy towards the solution of the new one. If the solution of
the new QP requires fewer working set changes than computable within the given sampling
time the online active set strategy may make up for some unperformed changes from the
last QP. This situation is illustrated in Figure EE2] wherein only two working set changes are
allowed per QP.

The computational effort per working set change is known rather exactly, see Section E6.1]
So, if one obtains an estimate for the number of optimal active set changes from one QP
to the next, e.g. from closed-loop simulations, it is easy to estimate the possible sampling
time length.

Wo

Figure 4.2: Homotopy paths (solid) from one QP to the next with limited number of working
set changes.

Note that our online active set strategy has some features similar to the dual active set
method, see Section and its adaptation to fast MPC [84]: both allow QP warm starting
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without a phase I. When iterations are terminated prematurely, however, our method solves
a QP that is exactly known to lie on the straight line between QP (wg) and QP (w§®"), while
the dual active set method delivers in each iteration the solution to an unknown primal QP.
Using the real-time variant of our online active set strategy, it is reasonable to assume a
greater probability (compared with the dual approach) of reaching at least the confidence
region of the measured initial state wy.

4.3 Implementation Details

4.3.1 Bounds and Constraints

Instead of the general formulation (ZZ3I8]), our online active set strategy was implemented
for QPs of the following form:

min 12/ Ha + ' g(wo) (4.3.1a)
s.t. bp(wo) < x < bp(wp), (4.3.1b)
bo(wg) < Gz < be(wo) , (4.3.1¢)

where G € R™ ", bg(wy), bg(we) € R™ and bo(wp), bo(wg) € R™ for all wy € P.
This distinction between constraints and bounds seems adequate because bounds arise
naturally in the context of model predictive control and special treatment of them can
lead to substantial computional savings as described in [39]. See also Section EE&T1] where
complexity issues are addressed.

Similar to Definition we give the following

Definition 4.1 (free and fixed variables): Let a feasible quadratic program of the form
(3T be given. A variable x;, 1 < i < n, is called fixed (and the corresponding bound
active) & € F iff

&; = bp(wo); V & = bg(wo);

holds and free otherwise. The (disjoint) index sets
F() € {ie{l,...,n} | free}
X(@) ¥ {ie{l,...,n} | & fixed}
are called set of free variables and set of fixed variables, respectively. O

Definition 4.2 (working set of variables): Let a feasible quadratic program of the form
(E3T)) be given. Then arbitrary index sets

F C {1,...,n},

X ¥, n}\F

are called working set!of free variables and working set!of fixed variables, respectively. Their
cardinalities are denoted by

ng = |F|,

nx = ‘X’ . O



4.3. Implementation Details

For every feasible point x of the QP (EZ3l) there exist corresponding working sets of free
and fixed variables F C F(z) and X as well as a working set A C A(x). That means that
we can rearrange the components of x such that
( bx ) (4.3.2)
ba

0 Idy, TF

Cr Cx TX
is valid, where C’défGA and bx € R™ and by € R™ contain suitable subsets of the
components of bg(wo)x, b(wo)x and b (wo)a, be(wo)a, respectively. We call C active
constraints matrix and the left hand side matrix of Eq. (E32]) augmented active con-

straints matrix. This representation of fixed variables and active constraints will be useful
in Section when matrix updates are to be described.

4.3.2 Null Space Approach

Our implementation is based on the null space approach (cf. Section BIT) for solving
the KKT system (EI7). For this choice several reasons were decisive: first, as explained
in Chapter B the null space method is particularly numerically stable and, in contrast to
the range space method and the dual approach, no positive definite Hessian matrix is re-
quired; instead, a positive definite projected Hessian matrix is sufficient which facilitates
extensions for dealing with positive semi-definite Hessian matrices (including linear objec-
tive functions). Furthermore, computational savings due to the distinction of bounds and
constraints, which seems well justified within MPC problems, are “most readily achieved in
null space methods.” [34] Finally, when using the null space approach the more bounds and
constraints are active the less computational effort is required per working set change. So,
the proposed online active set strategy takes the most computational time per working set
change if the controlled system is near the steady-state and almost no active set changes
occur. If, e.g. after a strong pertubation, the controlled system is far from its steady-state
and typically many optimal active set changes are neccessary our online active set strat-
egy can perform more working set changes per sampling time than near the steady-state.
Section EE6 Tl illustrates that a significant amount of computational effort is saved if many
bounds become active.

The distinction of bounds and constraints makes necessary adaptations of the matrix de-
compositions and of the way the KKT system (BI7) is solved in order to determine the
primal-dual step direction. Therefore, both matrices are subdivided into parts corresponding
to free and fixed variables, respectively:

(Cr CX)<§F> o, (4.3.3a)
X
/!
TR Hyp Hy TR def
(2Y (Y () e

where Hy € R"™*"F Hyx € R™*"x Hy € R™X™% and Cp € R™ > Cx € R™X"x,
Accordingly, not the whole active constraint matrix C' is decomposed but only that part
which corresponds to the free variables F. Instead of the common QR decomposition a
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variant called TQ factorisation, as proposed in [39], is maintained during the iterations:

Cyp = V( g) (4.3.4a)
U\ U\ !
= Cp = ( 0 ) V= ( 0 ) Id: 1ds, v, dn (4.3.4b)
1
— Cr = (0 T)Qp (4.3.4¢c)

where V' € R™ " is an orthonormal and U € R"4*™ an upper triangular matrix. Thus,
def . . . def .
T= U'ld;,, is a reverse lower triangular matrix and Qr = Id;,, V' is orthonormal because

both factors Id;, and V" are. Matrix Qp is subdivided into

def

(Zr Yr) = Qr (4.3.5)

where Zp € R™ (" —14) contains a basis of the null space restricted to free variables and
Yr € R™ "4 s formed by range space basis vectors of C. This leads to the following

Definition 4.3 (restricted null space): Let Qr be an orthonormal matrix as defined in
Egs. (B34) and let Zy denote the (np — ny) leftmost columns of Qr. Then

is called restricted null space of the active constraints. Its dimension is denoted by

def
nyg = Mg — N . O

A Cholesky decomposition is only calculated for the Hessian projected to the restricted null
space of CF:
RR Y 71 HpZy | (4.3.6)

where R € R"2*™Z is an upper triangular matrix.

After the adaptation of the matrix decompositions we now have a closer look at the way the
primal-dual step direction is determined. To this end the KKT system (B17) is subdivided
into free and fixed variables:

HF HM 0 CfF Al‘[p —AgF
M Hx Id Ci Az —-A
M X nx X X gx

= 437
0 Id,, 0 O Ayx Aby | (4.3.7)
CF CX 0 0 AyA AbA

where Azrp € R™ and Axx € R™ denote the primal step direction of free and fixed
variables, respectively; Ayx € R™ and Ay, € R™ denote the dual step direction of active
bounds and constraints, respectively; Agr € R™ and Agx € R™ denote the gradient step
direction for free and fixed variables, respectively; Abx € R"™* denotes the step direction
of the active bounds vectorsﬁ and Aby € R™ denotes the step direction of the active
constraints vectorsﬁ.

2A suitable subset of the lower and upper (constraints’) bounds vectors, to be more precise.
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Then we use the orthonormal matrix QQr to perform a coordinate transformation: with the

definition
Zr 0 0 0
Y O 0 0
S|l o 1d,, 0 0
0 0 Id,, O
0 0 0 Id,,
we obtain

ZLHpZy  Z}HpYe

Hy H !
poHa 0 G Y, HpZy Yl HgYe

H), Hx Id,, C%

S| o oS = | Huze  HyY:
o 0 0
Cr Cx 0 0 O Zs CeYe
A Z
A? A
Ayx Ayx ’
AyA AyA
—AdZ
ng]; —Agr
Age | 5| A
Aby Abx
Abs Aby

c RnJrnernA

Id,,,

Z5Ch
Y5Oy
Cx
0
0

(4.3.8)

,(4.3.93)

(4.3.9b)

(4.3.9¢)

This leads to the following linear system for determination of the primal-dual step directions

RR  ZyHpYy ZyHu 0 0 Azf —Agf
YiHrZp YoHpYs YiHy O T Azf —Ag¥
H\ Zp  HyYr  Hx Id,, Ck Axx —Agx
0 0 Id,, O 0O —Ayx Abx
0 T Cx 0 0 —Aya Aby
with the following solutions:
Al‘x = Abx s
A‘TIEY = 71 (AbA — CxAxx) R
Azf = —R MR (Adf + Zk (HeYrAzy + HuAzx)),
Ays = (T')' (Agy + YE (HrAzr + HyAzx)),
Ayx = MAzZE + HxAzx + CxAya + Agx
with  Axp def ZFAmf + Y]FAQUI}/.

(4.3.10)

These calculations can be simplified by exploiting common subexpressions. Moreover, it
is possible to accelerate the calculation if the currently active bounds bx or constraints’
bounds by (cf. Eq. (E32)) do not depend on wyp, and thus Abx = 0 or Aby = 0.
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4.3.3 Matrix Updates

Until the solution and a corresponding optimal working set is found, the current working set
must be modified by adding or removing a bound or a constraint in each iteration. Further-
more, decompositions of the projected Hessian matrix ZH Zr and the active constraints
matrix C have to be maintained in order to efficiently compute new step directions. How-
ever, re-computation in each iteration would foil this benefit because calculations of both
the Cholesky decomposition as well as the TQ factorisation require O(n?) floating-point
operations. Instead, because a single working set change affects these decompositions in
a rather simple way, it is possible to reduce the effort to O(n?) floating-point operations
(per iteration) by using so-called matrix updates.

In this subsection, we will describe the matrix updates used in our implementation which
are specially tailored to the context where bounds and constraints are distinguished. The
presentation is based on [39], complexity issues are examined in Section EEGIl We start
with a brief summary of Givens plane rotations which are a necessary prerequisite for the
proposed matrix updates.

Givens Plane Rotations

A Givens plane rotation can be expressed as a matrix of the following form (cf. [43] and
.. [£6)):

Ccos sin
0 (p) < , pe€l0,2m). (4.3.12)

—sin cos

Herein ¢ can be chosen is such a way that the j-th component of a vector v € R™ becomes
zero if v is premultiplied by O™/ (y):

V; COS @ + vj sin if k=1
(Oi’j(gp)v)k =4 —visinp+uvjcosp ifk=j (4.3.13)
U, else

which implies that

v; . oF
: A sinp = J

R+ UJQ- v? + v]z
By definition every matrix O%J(y) is orthonormal with determinant one. Therefore pre-

multiplication by O%7 () can be interpreted as a counterclockwise rotation in the (i, ;)
coordinate plane, which explains the name.

(Oi’j(gp)v)j =0 < cosp= (4.3.14)
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Successive application of Givens plane rotations allows to introduce certain zero patterns
into a vector or, especially, another matrix. For example it is possible to transform an
arbitrary matrix into an upper triangular matrix. While this can also be done, even at lower
computational costs, via Gaussian elimination, a very important advantage of Givens plane
rotations is that they are particularly numerically stable because of their orthonormality.

In practice, formulae different from those given in (B34 for computation of cos ¢ and
sinp are used in order to prevent possible overflow [21]. Furthermore, computational
savings are possible when multiplying O () with a matrix. Of course, from (E31J) it
is evident that only two rows (or columns, if O%J(y) is multiplied from the right) have to
be involved into the calculation. But moreover, there are ways to reduce the number of
multiplications neccessary per step from four, as in (B3.13]), to three or even to two—so-
called fast plane rotations [47], [I]. However, this comes at the expense of considerable
overhead which can, even in the case of large matrices, outweigh the benefit [48]. In our
implementation we tried (B313]), which requires four multiplications and two additions,
and a variant described in [2I], which requires three multiplications and three additions,
and found both almost equally efficient.

Matrix Permutations

When applying matrix updates it is sometimes helpful to permute the vector of free variables
xr which results in rearrangements of rows or columns of the involved matrices. Therefore,
before descriptions of the actual matrix updates are given, we show the mathematical
justification of these permutations:

Permutation of the vector of free variables xF is equivalent to multiplying it with a non-
singular square matrix P:

27 Prg, where P € {0,1}™", P'P =1d. (4.3.15)

This leads to the following expressions:

Cray = CyP' Pzy = Cpir, (4.3.16a)
CrQr = CrP'PQr = CrQF, (4.3.16b)
ZpHyZp = ZpP'PHpP'PZy = ZyHy Zy, (4.3.16¢)
where Cr & Cp P, Or ™ PQr, Zr ¥ PZr, 0z ™ PHRP'. (4.3.16d)

This means that we have to rearrange the columns of CF, the rows of Qr and Zy (and Yf)
as well as the rows and the colums of Hy in the same way as the components of vector xy;
the matrices R and T are not affected. Because the resulting transformed QP is completely
equivalent to the original one we omit matrix P from now on.

These permutations are implemented by means of an index list of free variables which is
realised as a double linked list. Elements of xy and the mentioned matrices are accessed via
this index list which is necessary anyway if explicit re-storing while working with submatrices
shall be avoided. The latter is also the reason why an index list of active constraints is
held, too. It is obvious that the order of (active) constraints within a QP is arbitrary.
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When illustrating certain matrix modification processes the following symbols are used:
denotes a non-zero element that is not modified,

denotes a non-zero element that is modified,

denotes a previously non-zero element that is annihilated,

denotes a previously zero element that is filled in,

denotes a zero element that is not modified (same as blank),

— denotes an element of a row or a column to be removed from a matrix.

® O % X

Adding a Constraint to Working Set

First, we consider the case when a constraint is added to the working set. According to
the above-mentioned remarks on matrix permutations we assume without loss of generality
that the newly active constraint is added as the last row of C'. Thus, the row number of
C (= Ga), the column number of YF and the dimension of 7" increase by one while the
column number of Zp decreases by one. Let

Chow = (" &) eR”, (4.3.17a)
thow = (LFY $3%) € &VQp e R™ (4.3.17b)

denote the row of C' corresponding to the newly active constraint (again, optimisation
variables are permuted properly) and the new last row of T', respectively. Then the following
equation holds:

Cr 0 T
08 Qs = (s ) Qo= (s s ) - (4318)
In order to transform the right hand side of (B3I8]) into the reverse lower triangalur matrix
Thew a sequence of Givens plane rotations is applied from the right. For the case np =7

and ny = 3 (n}®Y = 4) this can be illustrated as follows:

X X
X X X X
~
X X X X X X
X X X X X X X O * X X X X X
X X
X X X X
~ od
X X X X X X
O * X X X X O * X X X

Using the notation introduced in Eq. (B312)) this transformation formally means

def 0 T B
Tiew = (t%ew/ t$w,)-02’1@1)-...0%7% fnp-1)  (43.19)

0 0 T
= ( 0 Hnew tr;gwl > 5 Hnew 7é 07

QI Qe 0¥ (p1)-... 0" (g, ). (4.3.19b)

Note that Q3°" is also an orthonormal matrix since all Givens plane rotation matrices are
orthonormal. By definition, the null space basis matrix Zp is transformed the same way as
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Qr in Eq. (E319h]). Note, however, that the rightmost column of Zr becomes the leftmost
column of Y3V since the dimension of the null space decreased by one when adding a new
constraint to the working setﬁ The transformation of Zp also affects the Cholesky factor
of the reduced Hessian matrix Zi H Zg in the following way:

(x x x x) ~» (0 % x x) ~ (- 0 x x) ~ (- - 0 x)

X X X X x % X X X X X X ok %

X X X ® * X X X ok X X X ok %
~ PN >

X X X X X X ok

X X X ® *

Again, this illustration depicts the case ny = 7, np = 3 (n}*V =4) and nz = 4 (nj;*" = 3)
where besides matrix R also the vector t%" is shown at the top for clarity. The chosen
order of the Givens plane rotations implies that the upper triangular form of matrix R is only
slightly destroyed: only one additional subdiagonal element is introduced in each column
of Rint, which denotes the resulting intermediate Cholesky factor. In order to restore the
upper triangular form another sequence of Givens plane rotations is applied to Riy:

X X X — * * * X X X X X X
X X X - - o * x —- * % —- X X
X X - X X O x *
X = X X (@)
Algebraically these transformations of R can be expressed as
Rie & Hizpew (4.3.20a)
= H2Zy-0%(gp))....-0™" (g, ). P,
def _
Rpew = O (pp,) ... O™ 5% (00 ) - Ring, (4.3.20D)

where P is a projection matrix which removes the rightmost column. Furthermore, if we

define 0% o1, 2(Png) - - - O™ 1% (g, _1y), it is obvious that the second sequence of
Givens plane rotations does not affect other matrices:

Znew/HZnew — R Rlnt — R/

int new L

OO0’ Ryew = R.owBRuew - (4.3.21)
:Id

Adding a Bound to Working Set

When adding a bound to the working set we can assume that the variable to be fixed
corresponds to the last column of the matrix C' by applying an appropriate permutation.
Thus, the column number of C' and Zf as well as the dimension of Qr are decreased by
one; the dimension of T' does not change. Addition of a bound on the last free variable

3This is actually only true under the asumption that C5®" has full row rank. Section EEh Tl describes how
this can be maintained.
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appends the (transposed) np-th coordinate vector (e}, 0) € R™, ¢, € R", at the top of
the augmented active constraints matrix:

e/ @ tnew/ tnew/ ®

nr Z Y

0 Idp, <%F Id® ): 0 0 Idn, |. (4.3.22)
Cr  Cx "X 0 T Cx

The updated TQ factorisation is obtained by reducing the topmost row of the right hand
side matrix of Eq. (E322)) to the np-th coordinate vector via a sequence of Givens plane
rotations:

0 Id,,

0 0 0 fuews gnews ()
0 0 0 Id, | ¥ 0 0 Idy, | -0 (p1)...-0™ ™ e, 1), (4.3.23b)

0 7jnew Cnp CX 0 T CX

new ® ®

F

0 1 0 af (Qr DY ong. L ommig,, ), (4.3.23a)
. 0 Id,,
1

where (), denotes the column of C' which corresponds to the newly fixed variable.

The first (nz—1) Givens plane rotations O%!(p1)-...-0O"2"2 (¢, 1), ny < ny, alter the
columns of Qr (i.e. Zr) in the same way as described above for the case where a constraint
is added to the working set. Therefore, another sequence of Givens plane rotations has to
be applied in order to restore the upper triangular form of Rj,, too.

The last (np — nyz) Givens plane rotations O™z 11z (¢, ) - ... - O™ " ~L(p, 1) have the
effect of filling in elements above the reverse diagonal of matrix T', thereby shifting it one
position to the left and transforming it into Thew. We picture this process for np = 4
(np® =3), ngz =1 (n)® = 0) and np = 3; the topmost row of the right hand side matrix
of Eq. (E322)) is shown at the top:

Removing a Constraint from Working Set

We consider the situation where the i-th, 1 < i < n,, of the currently active constraints
shall be removed from the working set. Then the row number of C' and the dimension of T’
are decreased by one; the column number of Zr and the dimension of R increase by one.

First, the i-th row is removed from both Cr and T leading to the matrices Cp®" <
RMa=1)xns gnd Ty € ROa—1xn4 satisfying

CFVQr = (0 Tint ) - (4.3.24)

52



4.3. Implementation Details

Next, Tiyt is transformed to reverse upper triangular form which is achieved via Givens plane
rotations applied to the columns 1 through :

(0 Thew ) def (0 Tog) - OP2Hinzti-L(p, 1) . Or2+2n2+ (1) (4.3.25a)

Eew dgf Onz—’—i’nz—’—i_l(@ifl) c OnZ+27nZ+1(Spl) X (4325b)

We illustrate the transformation of 7" for the case ny =4 (n}*V = 3) and ¢ = 3:

X

|

|

| X
| X
$
/
X

X X
X X
X X X
~
$
/
X

* O
* %
X X X
~
$
—
O

*

X X
X X X
~

X
X
X
X

Equation (£325h]) shows that Zp within QF is not altered by the mentioned Givens plane
rotations. Thus, ZzV is identical to Zr except for the additional rightmost column 23" €
R™ which is a linear combination of columns 1 through i of Yr. This fact provides an
efficient possibility to calculate the new Cholesky factor Ryeyw from R (with ryey € R"Z,

Onew € IR>0):

ZR HEN Z8Y = Rl Ruow (4.3.26a)
i R 0 R Tae
— Hp (Zp 23°V) = v 4.3.26b
< " ) # (Ze ) ( Thew Onew ) < 0 Onew ( )
Z{FH]FZF Z%HFZIIFEW R'R R,Tnew
<= = 4.3.26
< Z[IFIeW/H]FZ]F Z]?ele]FZ]?ew TilewR T;ewrnew + Q121ew ( C)

= Thnow = (R’)_1 ZeHpzg™ N Opew = \/Tilewrnew — g Hp 2PV . (4.3.26d)

Note that Hj°" = Hp and that the radicand within Eq. (£326d)) is positive as long as
Zp™' HRev Zp® € Sy . This both necessary and sufficient criterion can actually be used to
check positive definiteness of the projected Hessian matrix during the runtime. Moreover,
it is worth mentioning that calculation of the new Cholesky factor Ry via (BE328]) is only
possible if zz®" is appended as the rightmost column of Zz®Y. This fact motivates the
usage of a TQ decomposition because z;®" would be added as the leftmost column if we
were using the usual QR decomposition instead.

Removing a Bound from Working Set

Removing a bound from the working set means to free a previously fixed variable. Therefore,
the column number of C' and Zr as well as the dimension of Qr and R are increased by one;
the dimension of T is unaltered. Applying a suitable permutation, we can assume without
loss of generality that the (ny + 1)-th variable, i.e. the first fixed one, is to be freed from
its bound. Then the leftmost column of Cx becomes the rightmost column cg® € R"4 of
Cg™":

Qr 0 0
Cr o Cx 0 0 Idone 0 T cp Cx
X
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where C3°% € R™*("x~1) denotes matrix Cx without column cpe¥.
Thus, a sequence of Givens plane rotations is used in order to reduce (" cp®") to reverse
lower triangular form (illustrated for ny = 3):

X X O «x X X
X X X ~ X %k * ~ X ~ X X
X X X X X X * X * X O x X X

Algebraically, the effects on T" and QF can be expressed as

def new nE n n n
(® Tnew) = (O Tint Cr ) -0 Ftl, F(Qpl) .- 0 z+2, Z+1(§0nﬂ;7nz), (43283)

w  def r O .
new o ( % . > LOMELE (o) oretEet (g, L )L (4.3.28)
This sequence of Givens plane rotations does not affect the old null space basis matrix Zp
but the new rightmost column of Zg®":

new
guew et ( Zr Fo), v eRr\ {0} . (4.3.29)
® C]FGW
This change of Zy also causes Hy to be modified. Like in the case where a constraint is
removed from the working set, no fresh Cholesky decomposition must be performed but
the following efficient update scheme can be applied instead:

ZROV ROV 700 — R R (4.3.30a)
/ new new /
— ( o GW)( My I ><ZF Ziew> = ( A ><R r“ew> (4.3.30b)
2R g]F h’]F Thew 0 F Thew Onew 0 Onew
— Poew = (R)™ Zf (Hpzt® + ROV RE™Y) (4.3.30¢)
A Onew = \/Zﬂgew/ (HFZ]?eW_’_QCH?eWhEeW) _i_n]%lew((FnewP _Tgewrnew- (4330(3])

Again, the radicand within Eq. (B330d]) is positive provided that Zp®V' Hp®V Zp®" € S..o.

4.4 Initialisation

In order to initialise our online active set strategy an optimal solution pair of the initial QP
and a corresponding working set A must be available. So the question naturally arises of
how to obtain this information. One possibility would be to solve the initial QP by means
of a standard active set QP solver. But this would be rather inconvenient since all the effort
needed to implement and setup such a solver would be necessary just for the solution of
the very first QP. Instead, our online active set strategy allows for an easy workaround: one
simply has to set up a QP whose solution is known. A straightforward idea is to “solve”
the following QP:

H%Cin t2'Hz (4.4.1a)
s.t. —b< z <0V, (4.4.1b)
—b< Gz <b, (4.4.1¢)

where the gradient is set to zero and b > 0 is arbitrary.
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Lemma 4.1 (initialisation): /f b > 0 then (0,0) is a primal-dual solution pair of the
quadratic program (EEZ1]) with corresponding working set A = (). O

Proof: If A is assumed to be empty the KKT conditions of Theorem have the following
form:

HzP' =

y* = 0,

b < Gz <

def

It is obvious that they are satisfied by the choice (m"pt, yOPt) = (0,0). O

Therefore we can start from (0, 0) and use our usual homotopy to go towards the solution
of the initial QP.

This strategy also works for equality constraints: Let us assume that our initial QP comprises
the constraint
vy<Grx<~vy, yeR, ie{l,...,m}. (4.4.2)

If this equality constraint is relaxed to the inequality constraint
—ﬁ < GZCU < ﬁ, ﬁ S Rzo (443)

43 will be both shifted towards . As soon as one of the constraint's bounds becomes

active, and this must happen by the time they coincide, the constraint will not be considered
. . . d 1

when determing the maximum dual stepsize 70

following iterations.

However, if there are npc < min {n,m} equality constraints this procedure leads to npgc

anymore and thus will stay active for all

unnecessary working set changes since all equality constraints will finally become active. In
order to avoid this, it is possible to start at (0,0) and include the indices of all equality
constraints into the initial working set A(and the corresponding part of b to zero). Similar
to Lemma E], it can be shown that (0, 0) is still a primal-dual solution. Of course, in this
case the TQ factorisation Cr = (0 T') Qp as well as the Cholesky decomposition has to be
calculated before starting the initial homotopy.

4.5 Degeneracy Handling

4.5.1 Linear Dependence of Constraints

Our algorithm requires that the KKT matrix in Eq. (BE31) is nonsingular. Because of the
assumed positive definiteness of H this property holds if and only if the augmented active

constraints matrix
0 Idp,
Cr Cx

has full row rank (see Lemma [Z2]). Since deletion of a row cannot lead to rank deficiency,
linear independence only needs to be ensured if a row is added to the augmented active
constraints matrix, i.e. if a bound or a constraint is added to the working set.
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In order to clarify the idea, handling of linear dependence is described for QPs where
bounds are treated as ordinary constraints, first. Refinements of this approach tailored to
our problem formulation and the way we solve the KKT system will be presented afterwards.
In the case that constraint j ¢ A shall be added to the working set [1I] proposed the
solution of the following auxiliary system as a test if G; and the rows of G (= C) are

linearly independent:
H G\ (p G}
= 451
(6 @)= (%), (s

Lemma 4.2 (linear independence check): Provided that G has full row rank, G'; and
the rows of G are linearly independent if and only if Eq. (BER1l) has a solution with

p #0. O

where p € R" and g € R,

Proof: Since GG, is assumed to have full row rank, linear dependence of G; and the columns
of G4 is equivalent to
JGER™: Gi+> 4G =0. (4.5.2)
ieA

Thus, if G; and the columns of G are linearly dependent (p, q) def (0, —q) is obviously
a solution of (@LI]). According to Lemma this solution is unique which implies that
Eq. (ERI]) has no solution with p # 0.

On the other hand, if G; and the columns of G are linearly independent (and thus G’; # 0)
there exists no ¢ € R™ that satisfies Eq. (ER2)). Therefore Eq. (B has no solution
with p = 0. But since Lemma guarantees the existence of a solution there must be a

solution of Eq. (BRI with p # 0. O

So, if p # 0 we can conclude that the active constraint matrix keeps full row rank after the
addition of constraint j to the working set. Otherwise, the components of vector ¢ and the
current dual vector ygpt can be used to determine a currently active constraint which must
be removed before adding constraint j to the working set: In this case

lgeR™: G = Ziné (4.5.3)
1€A

holds, where the uniqueness of ¢ follows from the full row rank of G4, and it depends on
the components of g how we proceed. If ¢ < 0 all following QPs on the current homotopy
path are infeasible as the boundary of the set P of admissible initial values is reached (this
will be shown in Section BERZ]). Instead, we assume that at least one component of ¢ is
positive. Then the following result is valid (taken from [11]):

Theorem 4.1 (ensuring linear independence of the active constraints): Let G be the
current active constraints matrix with full row rank and G;-, j & A, the constraint to be
added to the working set A. Moreover, assume that there exist a vector ¢ € R™ as in
Eq. EE3) with at least one positive component and let (Z°P*(7y), §°P*(71)) denote the
optimal primal-dual solution pair at the current point 71 € R>q on the homotopy path.
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Then the matrix
def

G+ e ™ (AU )\ ) (45.4)

with t
I arg min {w ‘ qi > 0} (4.5.5)

i€A qi
also has full row rank. o

Proof: Because (Z°P'(ry),§°"(71)) is a primal-dual optimal solution the KKT condi-

tion (EIRal) holds, i.e.

Hz (1) + §(m1) Z Gy ~Opt (4.5.6)
1€A

By multiplying Eq. (BEL3) with an arbitrary A € R>o and subtracting the result from
Eq. (ER0]) we yield

HE™ (1) +3(r1) = AG;+ > G (557 (1) = \ai) - (45.7)
i€A
Thus X\ and the coefficients (gjfpt(ﬁ) — )\qi) are also a valid dual solution vector which
satisfies the KKT conditions (EIH) as long as all coefficients remain nonnegative. The
largest value of A for which this condition is satisfied is given by

opt

Amax dﬁf min {yli() ‘ qi > 0} € R>yg. (4.5.8)
1€A qi -

Note that this minimum is determined over a nonempty set according to our assumptions.

Let k£ denote the constraint for which the minimum is attained, then gjzpt(ﬁ) is reduced

to zero and constraint k£ can thus be removed from the working set. Since q; > 0 the

constraint vector G, is linearly independent from the G, i € A\ {k}, and therefore matrix

Garor Anew = (AU {5}) \ {k} has full row rank. O

This result provides a computationally convenient way for choosing a linearly independent
subset of active constraints, if necessary. But it does not guarantee that this choice allows
to make further progress along the homotopy path because it might be that constraint k
immediately becomes active again. In order to prove that this cannot happen under certain
conditions we need the following definition from [83]:

Definition 4.4 (ties): The quadratic program (BEI13]) has

prim

e primal ties at 7o € [0, 1] if Thax < 739 and the minimum (E1I0a) is obtained for
at least two distinct indices;

e dual ties at 7 € [0,1] if 792l < 7P and the minimum (@1I0R) is obtained for at

least two distinct indices;

o primal-dual ties at 1y € [0, 1] if rdual — 7prim.
e ties at 79 € [0, 1] if it has primal, dual or primal-dual ties. O

If ties occur there are different possibilities how to choose the new working set which poses
additional difficulties. Otherwise the new working set is uniquely determined and we can
prove the following theorem (taken from [11]):
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Theorem 4.2: If the assumptions of Theorem hold and if no ties occur at Ty, then
constraint k remains inactive within an interval (11, 72|, 7o > 71, on the homotopy path. O

Proof: The current linear line segment Z(7g) + 7Axz(7g) of the primal optimal solution
homotopy, starting at some 7y € [0, 7] and ending at 71, was chosen such that

Ga (Z(10) + TAz(79)) = ba(r) V7elo1], (4.5.9a)
G (#(r0) + TAz(r0)) < bj(r) V7€ (1,1] (4.5.9b)

hold. Thus, by multiplying Eq. (ER3]) with Z(79) + 7Ax(79), one obtains the following
equation

S aibi(r) < bi(r) Ve (m,1]. (4.5.10)
1€A

Within the next step of Algorithm Bl the new linear line segment of Z(71) + TAz(m1),
starting at 71 and ending at some 79 € [71, 1], is chosen such that

G (#(1) +TAz(11)) = bi(T) Vi€ Apew (AU (k) (4.5.11)

holds in [0, 1]. By applying Eq. (BER3) again, we yield

B]’(T) = Z qil;i(T) + Gy, (50(7'1) —|—TA:U(71)) VT elo,1]. (4.5.12)
1€A\{k}
Finally, by combining Eq. (£510) and Eq. (E512]) we obtain
arbi(t) < @Gy (3(11) + TAz(m)) V7€ (71,1] (4.5.13)

and, since g > 0, also

bi(t) < Gy (2(m) + TAz(m)) V7€ (11,1] (4.5.14)

which proves that constraint k remains (strictly) inactive within the next step of Algo-
rithm BTl from 74 to 75. If no ties occur at 71 only constraint j becomes active at 71 and
To > 71 is valid. 0

An approach for resolving ties is presented in [83]. Therein the solution of an auxiliary (non-
parametric) quadratic program is proposed, which seems to be inadequate for the online
context. Thus, our implementation does not cover the situation when ties are present—and
no difficulties have been observed so far.

Figure @3 illustrates an example in which linear dependence of the active constraints occurs:
the constraints are shifted while following the homotopy path (for simplicity, only one
constraint is thought to be parameterised) which causes degeneracy at a certain homotopy
parameter 7. Then Theorem Bl can be utilised in order to resolve this situation, i.e. to
find an active constraint which can be removed from the working set. Afterwards, further
progress along the homotopy path can be made.

58



4.5. Degeneracy Handling

xopt

R/ \

(a) Two active constraints.

opt

RQ

(b) A third, parameterised constraint be-
comes active which is linearly dependent
from the other ones.

opt

opt

R2

(c) A formerly active constraint is re-
moved from the working set (cf. Theo-

rem ETI).

RQ

(d) The parameterised (and active) con-
straint is shifted further.

Figure 4.3: Example of linear dependence of active constraints (bold) in parametric pro-
gramming (dark-grey: parameterised constraint, grey: feasible set).

Implementation of Linear Dependence Handling

In order to ensure linear independence of the active constraints and to detect possible
infeasibility, the modified KKT system (BRI has to be solved. According to Eq. (E310)
the implemented variant of this KKT system reads

R'R  ZLHgYe ZiHy 0
YiHpZp Y,HpYr YeHy O

H\ Zy HYe  Hx Idg,

0 0 Id,, O
0 T Cx 0

Zypr Z5(G))r

Yipr Yi(G))r
px | =] @)x |. (4515)
ax 0
aa 0



Chapter 4. An Online Active Set Strategy for Model Predictive Control

where p € R", ¢ € R™ ™ and G € R"™ were split into two parts corresponding to
the free and fixed variables or the active constraints, respectively. Because of its special
structure the computational effort for its solution is much lower than a normal primal-dual
step determination: first, we can exploit the equivalence

JgeR™: (Ghr=) a(Cr); < Z&(Gj)r=0 (4.5.16)
1€A

which holds since the constraint to be added to the working set is linearly dependent with
the active constraints if and only if it lies completely in the range space of CF and is thus
orthogonal to all basis vectors of the null space of Cr. So, if ZfF(G;)]F = 0 we can stop the
calculation as no linear dependence occurs. Otherwise, we proceed where the information
Zy(G%)r = 0 further simplifies the solution. Since Zppr, Ypr and px become zero in this
case, we finally end up with the following formulae for ¢:

g = (T 'YR(G))r, (4.5.17a)
gx = (G))x —Ckaqa. (4.5.17b)

Compared to the calculation of the primal-dual step direction via Eqs. (E23TTl), the cost
for a linear dependence check is almost negligible. Especially if a bound is added to the
working set because then (G’)r equals a unity vector and (G’)x is zero. However, note
that in the case of degeneracy further computations are necessary in order to perform the
additional change of the working set.

4.5.2 Infeasibility

The proposed online active set strategy produces a sequence of iterates which are primal
and dual feasible for consecutive (intermediate) quadratic programs. Thus, infeasibility
can only occur if a bound or constraint is added while following the homotopy path. In
this case the augmented active constraints matrix has to be prevented from becoming
rank deficient anyway and we mentioned in Section EERT] that possible infeasibility can be
detected simultaneously, as follows.

Recall the situationE when a constraint j ¢ A shall be added to the working set A. If G
has full row rank, linear dependence of G;- and the columns of G4 is equivalent to

NgeR™: G = Ziné. (4.5.18)
icA
Theorem BTl shows that we can resolve linear dependence if the vector ¢ in Eq. (BR8]

has at least one positive component. If this in not the case infeasibility is encountered
(cf. [TI]):

Theorem 4.3 (infeasibility detection): Let G be the current active constraints matrix
with full row rank and G;, j & A, the constraint to be added to the working set A. Assume
that there exists a vector ¢ € R™ as in Eq. (ERI8]) which has no positive component.
Moreover, let (2°P*(71), §°P"(11)) denote the optimal primal-dual solution pair at the cur-
rent point 71 € R>( on the homotopy path and assume that no ties occur at 7.

Then all parametric quadratic programs on the homotopy path with T > 71 are infeasible. O

*Again, for clarity, we restrict the presentation to the case where bounds and constraints are not distin-
guished.
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Proof: Suppose that for some 7 > 71 an arbitrary vector x € R™ satisfies the constraints
Glz > bi(r) VieA. (4.5.19)

Multiplying each such inequality by ¢; < 0, adding them together and using Eq. (R3]
leads to

Gz < ) qibi(7). (4.5.20)
(IS
But on the other hand, as in the proof of Theorem (cp. Eq. (ELIM)), we can derive
> qibi(r) < bi(r) V7€ (m,1] (4.5.21)
1€A
which implies
Gix < bi(r) V7 e(m,1]. (4.5.22)

Since x was arbitrary, constraint j will be violated for all 7 > 7 as long as all constraints
indexed by A remain fulfilled. Therefore, there exists no point satisfying all constraints
indexed by A U {j} no matter how the primal step direction is chosen. Since Theorem
guarantees the existence of a continuous continuation of 2°P*(7) all QPs on the homotopy
path are infeasible for (71,7 + ¢) and some € > 0. Finally, the convexity of P (cp. Theo-
rem 2Z0) proves that all QPs on the homotopy path are infeasible for all 7 > 7. O

If the situation of Theorem occurs, the boundary of the set of feasible parameters P is
reached and we know that the current QP is infeasible:

Theorem 4.4 (infeasibility of the current QP): Let QP(wq) be the feasible, recently
solved quadratic program and QP (wy®") the one to be solved next (both strictly convex
and no ties occur along the homotopy path between them). Then QP (w§") is infeasible if
and only if there exists a 71 € [0, 1)—along the homotopy from QP (w) to QP (wi®")—to

which Theorem applies. @)

Proof: All primal-dual pairs (2°P*(7), y°P*(7)), 7 € [0,1], along the homotopy path are
optimal and x°P*(7) primal feasible, hence. If there is no 71 < 1 to which Theorem ap-
plies it is possible to follow the homotopy until the optimal solution of QP (wy"), implying
its feasibility.

The converse direction follows directly from Theorem as QP (w{®") denotes the QP on
the homotopy path at 7 = 1. O

If infeasibility of the current quadratic program to be solved is detected via Theorem E4 our
implementation of the online active set strategy just stops the homotopy and waits for the
next QP which may be feasible again. In doing so, convexity of P ensures that a homotopy
from the currently solved intermediate QP to the new one exists (see Figure E4).

Provided that the MPC problem is well-posed, infeasibility should be a rare exception and
mainly due to measurement errors of the current process state wy®". One interpretation of
our infeasibility strategy is that it “trusts” the current process state as long as the resulting
QP remains feasible and uses a linear interpolation between wg®" and the old process state
wq otherwise. This strategy seems adequate for practical setups, where uncertainties are
inherently present, even if more elaborated schemes may be conceivable.
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new

Qw
'

Figure 4.4: Infeasibility handling of the proposed online active set strategy.

4.6 Computational Complexity

4.6.1 Runtime Complexity

We already know from Section Bl that the effort for one iteration of a primal active
set method is O(n?) if matrix updates are used. In this section we want to investigate
the runtime complexity of the proposed online active set strategy in more detail. Since
theoretical values for the number of required iterations for finding the solution are not
available—only an (almost trivial) exponential worst-case bound is known—we restrict the
presentation to the complexity of one single iteration.

Algorithm BT starts with calculating the vectors Awg, Ag and Ab via Eqs. (BTl which
obviously requires O(n) floating-point operations].

Afterwards, the primal-dual step directions Az°P* and Ay°P! have to be determined. This
is done by using Eqs. (B3IT) while exploiting common subexpressions therein. Clearly, as
nr,nx < n and na,ny < n, this calculation requires O(n?) floating-points operations; the
exact value is given in Table BTl

Third, the maximum homotopy step length 7,,x has to be obtained from Egs. (EII0).
This makes the calculation of the matrix-vector product G’HAchpt and therefore nny floating
point operations necessaryﬁ; besides some negligible O(n) operations.

®Within this section a floating-point operation is defined as one multiplication/division together with an
addition. Thus, calculating the dot product a’b of two vectors a, b € R™ requires n floating-point operations,
for example.

®In the very first iteration also Gjz°P" has to be calculated, which is zero if the initialisation homotopy
is used.
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Steps (4), (5) and (7) only involve a fixed number of some vector operations and thus have
O(n) complexity.

Finally, step (6) involves one of the four possible matrix updates (i.e. adding/removing of a
bound/constraint to/from the working set). Their computational effort can easily be derived
from their detailed description in Section EE33] (see also [39]) and is summarised in Table 1],
assuming that a Givens plane rotation can be performed by means of three floating-point
operations (cf. page BJ). Note that also the effort for calculating the product Z(G’)r, as
decribed in Section ERT], is included into the complexity of adding a bound/constraint. If
this product equals zero linear independence must be ensured: via Eqs. (BE5I7]) and some
O(n) operations a bound or a constraint is determined which has to be removed from the
working set.

Table 4.1: Runtime complexity of the online active set strategy (general case).

Task: H Complexity:
Determination of step direction 5n? — 2nny — 8nnx + 2n3 + dnanx + 4n% + O(n)
Determination of step length nnﬂ + O(n)
Removing a bound from working set 5n% 4+ nny — Snng + QnX — nanx + nX O(n)
Removing a constraint from working set’” 5n2 — gnny — Snnx + L + inanx + 3nZ + O(n)
Adding a bound to working set 5n? — dnny — 10nnx + 2+ 4nAnx +5nZ + O(n)
Adding a constraint to working set 5n? — dnny — 10nnx +4nanx + 5nX + O(n)
Ensuring linear independence nna + nA +O(n)
Remaining calculations O(n)

As summarised in Table BTl the computational effort of all steps of the online active set
strategy depends not only on the number of variables but also on how many variables are
fixed (nr) and how many constraints are active (n,). One complete iteration consists of
determination of the step direction, determination of the step length, one change of the
working set and the remaining calculations. In order to simplify the analysis, we define the
average effort for one working set change as

Z—X - “removing a bound” + Z—A - “removing a constraint”
n n (4.6.1)
n — nx “ . " - nA m . - ”
5 adding a bound” + - “adding a constraint” ,
n

since it seems reasonable to assume that it is more likely that a bound is to be removed
from the working set if more variables are fixed and so on.

Furthermore, we can consider the case when linear independence occurs. Then also linear
independence has to be ensured by removing a bound or a constraint from the working set.
The average effort for performing this additional working set change is chosen as

A

n . ” m H - "
—% . “removing a bound” + —~— . “removing a constraint” , (4.6.2)
nx +na nx + na

provided that nx +na > 0.
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As a last simplification, we assume that the number of constraints equals the number of
variables, i.e. m = n, and express both the number of fixed variables and the number of
active constraints as a fraction of some arbitrary but fixed n € N:

nx = noax, oxe€l0,1], (4.6.3a)

ny = nap, oap€l0,1—ax]. (4.6.3b)

Table £2 shows the runtime complexity of the online active set strategy for different values
of ax and ay. Figure BTl illustrates the runtime complexity of one complete iteration
(no linear dependence occurs) of the online active set strategy with respect to the number
of fixed variables and active constraints as defined in Egs. (E&3).

We can see that the most computational effort per iteration is needed if no variables are
fixed and no constraints are active, which normally is the case if the system to be controlled
is near a steady-state. If the number of fixed variables or active constraints increases the
runtime complexity decreases significantly. This effect is particularly striking if the number
of free variables becomes small which also justifies the distinction between bounds and
constraints.

Another expected observation is that computational effort increases if linear dependence
occurs. Therefore, it is reasonable to take the effort of one complete iteration in which linear
dependece occurs and no variables are fixed and no constraints are active, i.e. 13.5n2+0O(n)
floating-point operations, as an uppper bound for the computational burden of one iteration
(even if linear dependence cannot occur in this situation). Although this bound need not to
be strict because of the averaging process of Egs. (6.1l and (ER2]) and the assumption
m = n, it should be a sufficiently accurate guess for practical purposes if n is “large”.
Especially if m > n one can construct situations where the computational effort might be
higher, but it is important to note that the effort per iteration grows quadratically in the
number of variables as long as m € O(n).

Table 4.2: Runtime complexity of the online active set strategy modulo O(n) for several
special cases.

Complexity:
Task: ng=0,|nx=%, | nx=0, | nx=%, | nx=mn, | nx =
ny =0 ny =0 nA:% nA:% na=0 | ng=n

Determination of step direction 5.0n2 2.8n? 4.6n2 2.8n? 1.0n? 5.0n2
Determination of step length 1.0n2 1.0n? 0.7n2 0.7n2 1.0n? 0.0n2
Removing a bound 2.5n? 1.1n2 3.1n? 1.6n2 0.0n? 5.5n2
Removing a constraint’ 2.5n2 1.1n2 2.4n? 1.1n2 0.0n? 2.9n?
Adding a bound 5.0n2 2.2n?2 3.8n2 1.5n2 0.0n2 2.5n2
Adding a constraint 5.0n2 2.2n? 3.7n? 1.3n2 0.0n2 1.0n?
Ensuring linear independence 0.0n2 0.0n2 0.4n? 0.4n? 0.0n2 1.5n2
One complete iteration 11.0n2 | 5802 | 8802 | 4802 | 2.0n% | 7.7n2
(no linear dependence occurs)
One complete iteration 13507 | 7002 | 11.80% | 6.6n2 | 200 | 11.9n2
(linear dependence occurs)
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12n2,
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Figure 4.5: Runtime complexity of one complete iteration (no linear dependence occurs)
of the online active set strategy with respect to the number of fixed variables and active
constraints.

Refinements for Determing the Step Direction

As mentioned in Section the computational effort for calculating the primal-dual step
direction can be reduced if the currently active bounds bx or constraints’ bounds by (see
Eq. (BE32)) are independent from wy. We omit the resulting equivalents to Eqs. E3TT
and just summarise their runtime complexities in Table If both active bounds and
constraints do not depend on wq savings between 20 % and 100 % are theoretically possible
(compared with the standard approach for determing the step direction).

Table 4.3: Runtime complexity for calculating the primal-dual step direction of the online
active set strategy.

Task: H Complexity:

Determination of step direction 5n? — 2nny — 8nnx + 2n2 + dnanx + 4nk + O(n)

Determination of step direction
(bounds independent)

Determination of step direction
(bounds and constraints independent)

5n? — 2nna — 9Innx + 2n3 + 3nanx + 4n% + O(n)

4n? — 3nny — Tnnx + %ni +4dnanx + 3nZ + O(n)

"The computational effort depends on which constraint is removed. For simplicity, it is assumed that
the %th row is removed from GJy.
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4.6.2 Memory Requirements

The proposed online active set strategy was implemented under the assumption that all
matrices are dense, i.e. that most entries are non-zero. This is justified if the matrices of
the open-loop optimal control problem are dense or a long prediction horizon n, > 1 is
used (leading to dense entries A/B, 0 < j < np — 1, in Eq. (ZZ20d)). Thus, all matrices
H, A, T, Q and R are stored completely in two-dimensional arrays. For each matrix the
maximal possibly required memory is allocated and, for simplicity, no advantage of the
symmetry of H and the triangular shape of 7" and R is taken. Table 4 lists all memory
requirements of our implementation of the online active set strategy and shows that the
storage complexity is O(n?), provided that the number of constraints grows linearly in the
number of variables.

Table 4.4: Memory requirements of our implementation of the online active set strategy.

Data: H A T Q R others total

Memory: n? nm n? n? n? O(n) 4n2 + nm + O(n)

4.7 Further Refinements and Extensions

In this section we use formulation (ZZ318]) instead of (B3]) for notational convenience.

4.7.1 Step Length Determination

Most of the runtime for determing the primal-dual step length is spent for calculating the
maximal primal step length via Eq. (E1.10al). This calculation even takes a significant part
of the whole computational effort for one iteration if the number of constraints becomes
large (compared with the number of optimisation variables). Therefore, we present an idea
of how the determination of the maximal primal step length can be simplified.

We assume without loss of generality that every (nontrivial) constraint has Euclidean length
one, which can easily be achieved by normalising every constraint, i.e.
Gi bi()

‘e > b > e {1,... . 471
Gix > bi(1) — ||G;H2x 2 1, Vie{l,...,m} ( )

At every primal solution along the homotopy path, 7 € [0, 1], and for every constraint we
define a feasibility measure:

def

g(1) = Ga®®Y (1) —bi(t) > 0 Vie{l,...,m}. (4.7.2)

Then the following holds:

Lemma 4.3 (feasibility measure): Let a normalised constraint Gz > bi(7), 1 < i <
m, with corresponding feasibility measure as defined in Eq. (BEL2]) be given. Let this
constraint be inactive at some fixed 11 € [0,1] along the homotopy path, i.e. €;(T1) > 0,
and ||Ax(7y)|ly + |Ab] < €i(71). Then the constraint remains inactive for all T € [11,1]. O
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Proof: The triangle and Cauchy-Schwarz’s inequality imply:

G ( Pt (1) 4 TA:U(ﬁ)) - (bi(o) + TAbi)
ei(r1) + 7 (GiAz(ry) — Ab;)

(71)
> ai(Tl)—T‘G Ax(1y) Abi‘
> ei(n) — 7 (|GiAz(n, | + |Ab;])
> &i(n) — (HG‘quAac 7_1)H2+|Abi|)
= gi(m1) — 7 (|| Az(my H2—|—|Abi|)
> gi(m) — (HAm 1 H2 + |Abi|)
> gi(m1) —ei(nn) = 0,

which shows that the constraint remains inactive for all 7 € [y, 1]. O

This lemma shows that an inactive constraint whose feasibility measure is greater than
the Euclidean norm of the current primal step direction plus the absolute value of the
constraint vector step direction cannot become a blocking constraint. Hence, storing the
feasibility measure of the inactive constraints may partly avoid the calculation of the product
GpAz(m) in Algorithm Bl Since calculating the feasibility measures ¢;(71), i € I(7y),
exactly after each homotopy step would outweigh the possible benefit, only cheaply available
lower bounds g; < ¢;(t) V1 € [0,1] are held:

(1) for 71 = 0 define

©(0) Viel(), (4.7.3)

&
(2) when determing the maximum primal homotopy step length 7p,.x consider only inac-

tive constraints 1 < i < m with

|Az(r)lly + |26 > &, (4.7.4)

(3) afterwards update ¢g; as follows:

et { (71 + Tima) 1Al + A6l Z & ()0

§A =
g; — (71 + Tmax) (|| Az(71) ||, + [Abi]) else.

Steps (2) and (3) are repeated until the solution of current QP (7 = 1) is found, and
also afterwards for solving the following QPs. Note that step (3) requires only O(m)
additional floating-point operations as all necessary quantities are already calculated in the
second step. Therefore considerable computational savings can be expected if the quadratic
program comprises many constraints that are “far” from becoming active. In our first test
example (see Chapter [) we observed computational savings up to 10 %.

4.7.2 Extension to Sequential Quadratic Programming

Now we briefly present a possibility to extend the proposed online active set strategy to
nonlinear MPC. As mentioned in Section ], in this case a nonlinear program (NLP) instead
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of a QP has to be solved. This can be done efficiently via sequential quadratic programming
(SQP) methods (see, e.g., [65] for a detailed description). Therein a sequence of QPs is
solved at each sampling instant which differ not only in the gradient and the constraint
vector, but also in the (positive definite) Hessian matrix (approximation) and the constraint
matrix.

Let us assume that we have solved one of these QPs:

QP : Hel]iRn t2'Hz +2'g (4.7.6a)
€T n
s.t. Gz > b, (4.7.6b)

with optimal primal-dual solution pair (acOpt, y"pt) and correponding optimal working set A
and now want to solve the next one:

QP™eY : ;2]%11 S H Vg 4 of gnev (4.7.7a)
st GV > pew (4.7.7b)

By subtracting the KKT optimality conditions (Z2313]) of both QPs it is easy to see that
(:r:"pt, yOPt), together with the same optimal working set AE is also the optimal solution
of the transformed QP:

3 1
QP . min §mlHnewx + m/g’ (4783)
reR™
s t. GRev 4 > g’ (478b)
with
7Y g (H™ — H) 2 4 (G™ — G) y**, (4.7.9a)
l‘)’ dif b + (Gnew _ G) .TOpt . (479b)

—
Thus, it is possible to start from the optimal solution (z°P',y°P') of QP and start a
homotopy towards the solution of QP™". In doing so the following steps have to be
performed:

1. Calculate matrix factorisations of new Hessian matrix H ™% and new constraint matrix
GV for optimal working set A;

-

2. Calculate transformed gradient vector ¢ and transformed constraint vector b via

Eqs. (BEZ9);

. .
3. Peform a homotopy from QP to QP"" (i.e. from g to ¢"V and from b to b™V,
respectively) starting from the last optimal solution (acOpt, y"pt).

This approach makes it possible to warm start also the QPs within a SQP algorithm and
even allows to interrupt solving the optimal control problem during one SQP iteration.
Implementing this extension of our online active set strategy will be an issue for future
work.

8Provided that G&°" has full row rank.
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Chapter 5

Numerical Tests:
Chain of Spring Connected Masses

Now we want to analyse the performance of the proposed online active set strategy by solv-
ing two different problems: the first one is a challenging benchmark problem—comprising
240 variables and 1191 bounds/constraints—where a chain of spring connected masses is
regulated back into its steady-state after a strong excitation. Second, see Chapter ], we aim
at controlling a real-world Diesel engine available for experiments at the Institute for Design
and Control of Mechatronical Systems in Linz, Austria. The results are also compared with
those of a standard active set QP solver and the explicit (offline) approach.

5.1 Model Description and Problem Formulation

Our first test example is a variant of a recently published benchmark problem [86], [87].
Since it was deeply analysed in [86] we outline only its main characteristics.

We consider a chain consisting of nine balls which are connected by eight Hookian springs
in between and two further Hookian springs at each end. Each ball 7, 1 < i <9, is thought
to be concentrated in a single point z' € R? with mass m € Rq (in kg). All springs are
identical having spring constant d € R+ (in N/m) and rest length L € R~ (in m). One
end of the chain is fixed at a certain point 29 € R3, whereas the free end of the spring at
the other end of the chain is freely movable (its position is denoted by 219 € R3). The
whole chain of spring connected masses is situated in a homogeneous gravitational field

decribed by its acceleration vector g € R? (in m/s?).

def

Without loss of generality, we let ° %10 and obtain for all times t € T [0,00) the

following (second-order) ODE system from Newton's laws of motion:

A Fiitl(p) — pi-Li(y
(t) = ®) ®) +g Vie{l,...,9}, (5.1.1a)

whnere iit1 = — - L . $i+1 —CL'Z' .
e £ (1 prt e )60 i) 6L

denotes the force acting on the ith mass due to the spring between the ith and the (i+1)th
mass (pointing from ' to z*1). Via standard techniques, this system can be reformulated
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as a first-order, i.e. involving only first time derivatives, ODE system by introducing the
velocity vectors x’(t) € R3, 1<i<9, of the masses as additional differential variables.
The chain is controlled by manipulating the three velocity components of the free end at
point 219, leading to three additional differential equations

#10(t) = w(t), (5.1.1¢c)
where u: T — R? denotes the process inputs as described in Section PIl By defining
2(t) (@), 21,20 ), 20, 20 (t)) " e RYT (5.1.2)
system (BITl) becomes a nonlinear model of the form:
i(t) = f(x(t),u) VteT. (5.1.3)

In order to obtain a linear process model we linearise system (BII]) at a steady-state. It

can be shown that all velocities of the masses and the controllable end of the chain &% (t),

1 <4 <10, must be zero at a steady-state. Thus, if we fix the position of the free end of
ef

the chain, i.e. z19(¢) Al end € R3 for all £ € T, the unique stable steady-state (&, 0) € R%
satisfying

0 = f(0) (5.1.4)
is easily obtained. Afterwards, the system matrices of the linear process model (Egs. (Z2Z1I))
are definied as 5 5

€ A, ® e A, ®
A def M and B def M (5_1_5)
0x(t) Ju(t)
as well as
c ¥ 1. (5.1.6)
N

Figure 5.1: Chain of spring connected masses at its steady-state for zpng = (5,0,0). (The
controllable free end of the chain is symbolised by a black ball.)
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The (quadratic) objective function is chosen such that deviations from the steady-state
(Z,0) are penalised:
0
it 3-1ds

. ¥
g{int)%/(x(t)—i)' B (x(t)—fc)+u(t)’( v )u(t)dt,

u(
to

x(

(5.1.7)
with o, 8, v € R. This choice implies Q € S and R € 82, a terminal penalty weight

matrix is not used (i.e. P “oe S5T).
Finally, we impose bounds on the process inputs

—1<u(t) <1 Vie{l,2,3} (5.1.8)
and thus yielding the benchmark example from [86]. Additionally, we place a vertical wall
(parallel to the second coordinate axis) near to the chain at steady-state (Z,0); and we
choose Zenq such that the chain at this steady-state is hanging parallel to this wall (see
Figure B.1l). Then we introduce lower bounds on the second component of the position of

all balls, i.e. £gan < b for all 1 <4 <9, in order to prevent the chain from hitting the wall
while it is controlled. In the notation of Definition P23, these constraints together with the

bounds (B1.8]) read

Ewall 6/2 0 0
; : 0
Gwatl | = ¢y o=@ +] 0 [ul), (5.1.9)
—1 0 0 Id3
-1 0 0 —Id3
<§fl d:efM (ng

with the second coordinate vector ey € R3.

The continuous-time open-loop optimal control problem (BITl), (BL7), (B9 is discre-

tised into a finite optimisation problem, see Section by dividing the prediction horizon
of length ¢, ' 165 into Np 4" 80 equidistant control intervals. The dimensions of the
resulting parametric quadratic program (after the condensing procedure described in Sec-
tion Z223)) are given in Table B2l Some numerical properties of this parametric quadratic
program are summarised in Table B3} the used numerical values of all the above mentioned

model constants are listed in Table B.11

Table 5.1: Numerical constants for the chain example.

Constant: m d L g Tend « I6] y Ewall
Value: 0.03 | 1 ]0.0333 | (0,0,—9.81) | (5,0,0) | 50 2 10.02| —0.2
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Chapter 5. Numerical Tests: Chain of Spring Connected Masses

Table 5.2: Problem dimensions (after condensing) of the chain example.

Quantity: H Dimension:
Dimension of initial value vector 57
Number of variables 240
Number of bounds 480
Number of constraints 711

Table 5.3: Matrix properties of the chain example.

Property: H Value:
Condition number of Hessian matrix H 1.01-104
Maximum eigenvalue of Hessian matrix H 5.26 - 10°
Minimum eigenvalue of Hessian matrix H 5.20 - 1074
Number of nonzero elements of Hessian matrix H 57600 (100.0 %)
Condition number of constraint matrix G 9.57 - 103
Numerical rank! of constraint matrix G 79
Number of nonzero elements of constraint matrix G 84368 (49.6 %)

5.2 Numerical Results

We simulate in a closed-loop manner integrating the nonlinear ODE system with high
accuracy in order to obtain the movements of the chain. Since we control the chain using
a linear model, feedback control is mandatory even in this nominal setup (i.e. without any
noise or measurement errors). Starting at the steady-state corresponding to znq = (5,0,0),
a strong perturbation is exerted to the chain by moving the free end with a constant velocity
(—1.5,1.0,1.0) m/s for 3 seconds. Then the MPC controller takes over and tries to return
the chain into its original steady-state while not hitting against the wall. (Note that during
the initial pertubation phase the optimiser is already running but the calculated optimal

control action is not given back to the chain.) This scenario is simulated on the time

horizon [0,20]s using a constant sampling time of ¢ 025, ie. 0 ¥ 1in Eq. (Z29).

It was tested with four different methods: first, we solve every QP exactly using three
alternative methods:

e gpsol with cold start, i.e. initialisation with an empty working set and the origin as
an intial guess for the solution,

e gpsol with warm start, i.e. the solver is initialised with the solution and corresponding
working set of the previous QP (but without providing any matrix factorisations),

e online active set strategy as presented in Chapter B where we follow every homotopy
path until the exact solution is reached.

'Number of (normalised) singular values greater than 107*%; see [46] for a discussion on determing the
rank of a matrix numerically.
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5.2. Numerical Results

Second, we allow for an inexact QP solution by using the

e online active set strategy and limiting the maximum number of working set changes
(as described in Section E2) to 10.

gpsol is a very common primal active set QP solver based on the null space method
(see Section BITl). It is written for QPs with dense matrices and solves an auxiliary
LP for finding an initial feasible point during phase I. A description of the FORTRAN
implementation is given in [62].

Figure illustrates the optimally controlled chain at four particular time instants. The
number of bounds and constraints’ bounds active at the solution of each QP as well as the
Euclidean norm of the QP solution vector are depicted in Figure for the case of exact
QP solution.

The number of QP iterations, i.e. the number of working set recalculations in the case of
the online active set strategy, and runtimesﬁ per sampling instant are reported in Table 54
and illustrated in Figures and respectively.

(a) At beginning of control phase (t = 3s) (b) Early moment in control phase (t = 45s)
3 3

2 2

1 1

0 0

N N

-1 -1

-2 -2

-3 -3

-4 ot -4 ol

X X
El 0 1 2 3 4 ebﬁzl El 0 1 2 3 4 ebﬁzl
y y
(c) Softly touching the wall (¢t = 5.45s) (d) Almost at steady-state (¢t = 205s)

Figure 5.2: Optimally controlled closed-loop trajectory of the chain with exact QP solution.
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(b) Euclidean norm of the QP solution vector.

Figure 5.3: Properties of the exact QP solution for the optimally closed-loop controlled

chain.

Table 5.4: Comparison of standard QP solver and online active set strategies with respect
to runtimes and number of iterations.

Maximum Average Maximum no. | Average no.
Method: . . . . . .
runtime [ms] | runtime [ms] | of iterations | of iterations
gpsol (cold start) 1006.8 223.5 60 10.4
gpsol (warm start) 969.6 140.9 71 7.1
li ti t strat
online active set strategy 48 185 14 33
(fully converged)
online active.set sFrategy 516 16.8 10 31
(at most 10 iterations)

The solution, and thus also the optimal objective function value, are identical when using
gpsol or the fully converged online active set strategy. Moreover, all QPs are feasible and
so the optimal solution is feasible in these cases, too. However, note that tiny infeasibilities
of the “real” chain with respect to constraint violations may occur between two sampling
instances because the model is not exact. A qualitatively different form of infeasibilities
can occur if the real-time variant of the online active set strategy is used: if the homotopy
towards the new QP solution is stopped prematurely the solution of the intermediate QP
might be suboptimal and infeasible with respect to the current QP that one wants to solve.

2All simulations were performed on an Intel Pentium 4 processor with 2.53 GHz (single core), 512 kB
L2 cache and 1 GB main memory using gcc 3.3.4 with compiler flag -03. The runtimes are obtained from
multiple measurements with the linux-specific function gettimeofday () and should be accurate within some
hundred microseconds.
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5.2. Numerical Results

In the chain test scenario these possible infeasibilities are restricted to constraint violations
because all bounds are equally fixed for all sampling times and their fulfilment is thus not
affected by the current position along the homotopy path. Table compares the MPC
objective function over the whole simulation horizon [0, 20] s as well as the maximal “real”
constraint violation of the solutions of the exact online active set strategy (or gpsol) and
the inexact one.
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u 40r i 1 w10 1
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o 30f ! 10
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0 5 10 15 20 0 5 10 15 20
time [s] time [s]
(a) Standard QP solver (grey: cold start, black: (b) Online active set strategy (grey: fully con-
warm start). verged, black: real-time variant performing at
most 10 iterations).
Figure 5.4: Number of iterations per sampling instant for chain example.
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(a) Standard QP solver (grey: cold start, black: (b) Online active set strategy (grey: fully con-
warm start). verged, black: real-time variant performing at

most 10 iterations).

Figure 5.5: Runtimes per sampling instant for chain example.
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Chapter 5. Numerical Tests: Chain of Spring Connected Masses

Table 5.5: Optimal MPC objective function value and maximum “real” infeasibility (con-
straint violation).

Optimal objective Maximum “real”

Method: ) ) ) .
function value constraint violations

Exact QP solution 1747.07 0.0019

Inexact QP solution using the
online active set strategy 1746.72 0.0056
(at most 10 iterations)

Decreasing the Sampling Time to 6 =0.1s

As the runtimes of the online active set strategy are well below 0.2s, we can reduce the
sampling timeto § = 0.1s, i.e. o 9 in Eq. (Z229), in order to react faster to inaccuracies
due to the mentioned model-plant mismatch (note that the discretisation of the optimal
control problem is not changed). We also simulate this slightly different setup using gpsol,
even if this solver is not able to solve the occuring optimal control problems within this
shorter time period.

We do not illustrate the optimised trajectories and the properties of the QP solutions since
they are very similar to that depicted in the Figures and B3 The number of QP it-
erations and runtimes per sampling instant are summarised in Table and illustrated in
Figures and 7] respectively. Again, the MPC objective function over the whole simu-
lation horizon [0, 20]s (divided by two) as well as the maximal “real” constraint violation
of the solutions of the exact online active set strategy (or qpsol) and the inexact one are
reported in Table &7l
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n ‘ 2] :
c 1 c :
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time [s] time [s]
(a) Standard QP solver (grey: cold start, black: (b) Online active set strategy (grey: fully con-
warm start). verged, black: real-time variant performing at

most 6 iterations).

Figure 5.6: Number of iterations per sampling instant for chain example (§ = 0.1s).
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warm start).

5 10 15 20
time [s]

(b) Online active set strategy (grey: fully con-

verged, black: real-time variant performing at
most 6 iterations).

Figure 5.7: Runtimes per sampling instant for chain example (§ = 0.15s).

Table 5.6: Comparison of standard QP solver and online active set strategies with respect
to runtimes and number of iterations (6 = 0.1s).

Maximum Average Maximum no. | Average no.
Method: : . . . , :
runtime [ms] | runtime [ms] | of iterations | of iterations
gpsol (cold start) 1005.9 204.1 62 10.1
gpsol (warm start) 1487.1 89.2 166 3.4
B -
online active set strategy 57.8 122 11 19
(fully converged)
online actlv.e set .strategy 365 13.7 6 23
(at most 6 iterations)

Table 5.7: Optimal MPC objective function value and maximum “real” infeasibility (i.e.
constraint violation) for § = 0.1s.

Optimal objective

Maximum “real”

Method: . . C .
function value constraint violations

Exact QP solution 1658.25 0.0041

Inexact QP solution using the

online active set strategy 1686.26 0.0108

(at most 6 iterations)
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Chapter 5. Numerical Tests: Chain of Spring Connected Masses

5.3 Summary of the Results

The most obvious observation is that the runtimes of the fully converged online active
set strategy are significantly—more than an order of magnitude— shorter than that of
gpsol, even if gpsol is performing warm starts. This is true for both the average and the
more crucial maximum runtime. Thus, gpsol is far from being able to control the chain
within the given sampling times, whereas the proposed online active set strategy meets
the real-time requirements with eased. Apparently, this results from a smaller number of
QP iterations (the effort for one iteration of gpsol and the online active set strategy is
comparable), but this fact cannot fully explain the enormous difference.

Some other things are also important: first, the primal solution of the preceding QP often
is not a feasible initial value for the next QP, making a phase | necessary. Within the
initial seven seconds of the simulation with 6 = 0.2s (0 = 0.1s), up to 13 (6) phase | LP
iterationsﬂ were necessary if the warm start feature of gqpsol is used. Instead, a cold start
requires a phase | quite rarely (at most one LP iteration) since the origin is often a primal
feasible pointd. Second, our online active set strategy can use both matrix factorisations
from the previous QP, whereas gpsol has to calculate them from scratch even if an initial
guess for the active set is provided via the warm start feature. Finally, the runtimes of
gpsol may suffer from some overhead because it also handles indefinite QPs. But even
if a special positive definite QP variant of gpsol which is also able to maintain matrix
factorisations would have been used, a considerable speedup of the proposed online active
set method can be expected: a factor of 3-7 compared with cold starting and 2-4 compared
with warm starting seems to be realistic according to the data given in Tables and .6l

Besides the comparison with gqpsol, the results of the online active set strategy (and its real-
time variant) are interesting for themselves: first, reducing the sampling times also reduces
both the maximum and the average number of required active set changes per sampling
instant. This is a useful property from an application point of view because shorter sampling
times normally result in a improved controller performance. Second, a proper restriction of
the number of working set changes using the real-time variant leads to a further decrease
of the maximum runtime (the average runtime is only slightly affected because the working
set changes are more or less postponed to later sampling instants) without becoming much
suboptimal or infeasible. For § = 0.2s the optimal objective function value of the real-time
variant is even a little bit better due to a slight increase of infeasibilities; for § = 0.1s the
“real” infeasibilities remain very small and only 1.7 % loss of optimality in the objective
function value is oberserved. Of course, a theoretical performance guarantee cannot be
given so far.

Finally, we remark that this test problem with a state-space dimension of 57 and far more

than 3240 ~ 1014 possible active sets is by no means tractable with the explicit approach
(as presented in Section Z32]).

3The reported runtimes do not include the effort for calculating the current gradient vector g(wo) and
constraint vector b(wo) since it is almost negligible compared with the remaining online computations.

*Using 6 = 0.1s, warm started gpsol performs 70 LP iterations and afterwards 166 QP iterations at
t = 4.2s. Since this simulation phase is quite crucial, this outlier could result in a heavy crash into the wall.

®Unfortunately, besides the number of LP iterations, gpsol provides no possibility to obtain the runtime
required for phase I.
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Chapter 6

Numerical Tests:
Real-World Diesel Engine

6.1 Model Description and Problem Formulation

In this second test example we aim at controlling a real-world direct injection turbo charged
Diesel engine on a dynamical testbench at the Institute for Design and Control of Mecha-
tronical Systems of the Johannes Kepler University in Linz (Austria), see Figure

In order to minimise the emissions we control the so-called airpath of the Diesel engine,
which is depicted in Figure &2 fresh air streams through the compressor into the intake
manifold inside the engine. From there it flows into the cylinders where the fuel is burnt
for producing the engine torque. Afterwards, the exhaust gases (especially NOy and soot)
stream into the exhaust manifold from where they can flow in two directions: one part
of them drives a variable geometry turbocharger VGT which spins up the compressor by
means of a common shaft, and thus strongly influences the pressure in the intake manifold;
the other part flows through the exhaust gas recirculation (EGR) valve and mixes with the
fresh air. This already burnt gas acts as an inert gas during combustion which lowers the
peak temperature and hence reduces the NO, emissions. In modern Diesel engines both
the opening of the EGR valve as well as the angle of the inlet guide vanes of the VGT can
be controlled.

Modelling of the combustion process naturally leads to partial differential equations, where
temporal as well as spatial derivatives are present and each explosion needs to be simulated—
a nearly impossible task for today's computing capacity. Another possibility is the usage
of so-called mean value models (without any spatial effects) leading to nonlinear ODE
systems. A mean value model for Diesel engines can be found in [52], a similar one for
gasoline engines is developed in Appendix

In order to employ our online active set strategy we need a linear process model, which
could be derived by linearising the nonlinear ODE system from a mean value model at a
certain point. Instead, we follow the ideas presented in [66], [67] and directly use linear
identification techniques (see [58] for an introduction). To this end a discrete-time linear
state-space model (ZZI0d)-([22.10d)) is obtained from real measurements by fitting the
input to the output data (via a least-squares-like prediction error approach).
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Chapter 6. Numerical Tests: Real-World Diesel Engine

Figure 6.1: Diesel engine testbench at the University in Linz.

T 1
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Figure 6.2: Schematic diagram of the Diesel engine airpath (inspired by [52])

exhaust manifold
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6.1. Model Description and Problem Formulation

Since the Diesel engine's dynamics are highly nonlinear it is not possible to derive a single
linear model for the whole operating range (i.e. engine speed from 800 to 4500 rpm and
fuel injection between 0 and 50 mg/stroke). Therefore the operating range is empirically
divided into twelve small operating areas and a linear process model is identified for each
of them. The subsequent validation of all models with real engine data showed that the
prediction quality of most of the models for the Diesel engine in Linz is good.

Instead of minimising the emissions directly, two process outputs—namely the mass air
flow (MAF) through the compressor and the manifold absolute pressure (MAP) inside the
intake manifold—are regulated to certain setpoints. These setpoints depend on the current
operating point and are optimised (offline) with respect to emissions, fuel consumption and
torque.

Thus, for each of the twelve operating areas we obtain an identified model of the following
form:

zpi1 = Az + B2 4+ By, VkeNU{0}, (6.1.1a)
g = Ca VkeNU{0}, (6.1.1b)

where Ald € R?¥2 Bld ¢ R2x2 (id ¢ R2%2 The inputs uj, € R? describe the position
of the EGR and the VGT (normalised to lie between 0 and 100), the outputs y, € R2
contain the values of MAF and MAP. Moreover, the system states depend (via the matrix
E'd € R?*2) on the current engine speed and the amount of injected fuel. They are treated
as known parameters which are fixed over the whole prediction horizon; for each time step
we summarise them in the vector 2} € R?.

Furthermore, the mismatch
gg L gmeas 0wk e NU {0} (6.1.2)
between the measured and the predicted outputs is estimated via a linear Kalman filter

(see [66] for details) and is also assumed to be constant over the whole prediction horizon.

These modifications lead to the following augmented linear process model:

Tl Aid gid g Th Bid
o, | = (0 Id 0 2 |+ 0 Ju VkeNu{0}, (6.13a)
5 0 0 Idy/ \ a8 0
Tk
e = (C 0 1) | b WkeNU{0}. (6.1.3b)
y

Finally, two further augmentations of the state space are necessary: first, we introduce
the desired setpoint, or reference, values of MAF and MAP as additional parameters, say
2% € R? (= yyef in Eq. (ZZH)), as they are constant for one optimisation problem but may
vary from one QP to the next. Second, we do not want to control EGR and VGT directly
but their rates of change Auy € R? (up = uj_1 + Auyg), instead. Thus, we end up with
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an ODE system consisting of ten states:

Thit Aid pgid 0 0 Bid Tk Bid
o 0 Id 0 0 0 2P 0
2.l =10 01 0 o 2 |+ 0 | A, (6.1.4a)
2t 0 0 0 Id O ot 0
Uk 0 0 0 0 Id2 Uk—1 Id2
Tk
zy
yp = (Cid 0 Idy © @) xS vk e NU{0} . (6.1.4b)
j,
(s

After this transformation it is possible to introduce bounds on the values as well as on the
rate of change of EGR and VGTE:

(%)
( 100 > < u < ( 17000 ) VkeNU{0}. (6.1.5b)

The lower/upper bounds on the rate of the EGR valve have different absolute values because
it has to work against a spring for opening.

IN

Aug < ( 353 > Yk eNU{0}, (6.1.5a)

The objective functionﬁ is chosen as:

k0+np—1

. 2 1
. min 3 Z (Yk — Yret) ( 2) (Yk — Yret) + Auyg’ < 1> Augdt, (6.1.6)
yllzg ««««« yl;:gi;li k=ko —— N—_——
PR AN 0 ~
Aty s Aty {1 det def

where z} denotes z;, z},
tp s length is divided into n, &y equidistant control intervals, each of 50 ms length,
and a tenth one with length 3.55s.

The dimensions of the resulting parametric quadratic program (after the condensing pro-
cedure described in Section ZZ273)) for the fifth operating area are given in Table Some

numerical properties of this parametric quadratic program are summarised in Table B2

x§ or x; for all kg < i < kg + np. The prediction horizon of

Table 6.1: Problem dimensions (after condensing) of the Diesel engine example.

Quantity: H Dimension:
Dimension of initial value vector 10
Number of variables 20
Number of bounds 40
Number of constraints 40

!The given numerical values are valid for the fifth operating area (engine speed: 2100-2500 rpm, injected
fuel: 0-30 mg/stroke).

2When comparing the input and output weights R and Q, note that the inputs are almost two orders of
magnitude smaller than the outputs.
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6.2. Numerical Results

Table 6.2: Matrix properties of the Diesel engine example, fifth operating area.

Property: H Value:

Condition number of Hessian matrix H 4.64 - 104
Maximum eigenvalue of Hessian matrix H 1.00 - 10
Minimum eigenvalue of Hessian matrix H 2.16-107°
Number of nonzero elements of Hessian matrix H 400 (100.0 %)
Condition number of constraint matrix G 1.32 - 101
Numerical rank of constraint matrix G 20
Number of nonzero elements of constraint matrix G 110 (27.5 %)

6.2 Numerical Results

We perform closed-loop simulations using the linear model of the fifth operating area (engine
speed: 2100-2500 rpm, injected fuel: 0-30 mg/stroke). The engine speed as well as the
amount of injected fuel is kept constant—at 2300 rpm and 15 mg/stroke, respectively—and
the controller shall track two step changes of the setpoints for MAF and MAP. The Diesel
engine is simulated by integrating the linear model and adding (uniformly distributed) white
noisd to the measured (i.e. simulated) MAF and MAP values; a linear Kalman filter is used
to estimate the true values. Moreover, white noise is also added to the values of speed and
injected fuel as they have to be measured in practice. Finally, the sampling time is chosen
to be § = 50 ms. This setup corresponds to that described in [66] and was implemented in
a Matlab/Simulink environment [59] (see Figure B3)).

As in the chain benchmark problem (cp. Chapter Bl), the simulations were conducted by
using:

e gpsol with cold and warm starts,

e online active set strategy with exact QP solution and with the number of working set
changes limited to 10 and 5, respectively.

OASES > 1 )

w_0

]

Figure 6.3: Implementation of the online active set strategy (OASES) compiled into a Mat-
lab/Simulink block.

3We used the same noise sequence for all simulations by starting the random number generator with a
fixed seed value.
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Moreover, the explicit approach (as described in Section ZZ32]) was employed. In doing so,
we encountered difficulties due to exponential complexity of the required precalculation: the
Matlab Hybrid Toolbox [6] failed to precalculate an explicit controller for control horizon
lenghts greater than two (although this most likely resulted from an internal error); for
np = 5 it stopped after several minutes and more than 15000 regions found with the message
“unexpected degeneracy condition”. Since a control horizon of length n,, = 10 could lead
to about 2.6-10'7 critical regionsﬂ, 15000 should be a strongly underestimating lower bound
on their actual number. So, if we make the conservative assumption that every region is
described by 10 inequalities, even 15000 critical regions would require 15000 102 - 8 byte ~
12 Mbyte of memory (about 150 Mbyte for all 12 linear models!). And if a linear search
through all regions is performed online (as implemented in the Hybrid Toolbox), half of them
need to be checked on average which requires about one million floating-point operations.
On a Pentium IV processor this may take some hundred microseconds, a value that is easily
achieved using our online active set strategy, as we will see soon.

Therefore, we compare the results of the online computation (using a control horizon of
10 intervals) with an explicit controller based on only one control interval. This controller
comprises 25 critical regions and was used in [66], [67] to perform real-world closed-loop
experiments on the above-mentioned Diesel engine.

We simulated on the time horizon [0,30]s with a constant sampling time of § 50 ms,

starting from a steady-state. The reference values used for MAF and MAP are depicted
in Figure together with the optimised outputs. The optimised inputs are shown in
Figure Since the output trajectories as well as the inputs are nearly identical for all
online QP solutions (i.e. also for the inexact QP solution using the real-time variant of the
online active set strategy), only the values for exact online QP solution and that of the
explicit approach (with one control interval) are compared. The number of bounds and
constraints’ bounds active at the solution of each QP as well as the Euclidean norm of the
QP solution vector are depicted in Figure for the case of exact online QP solution.

The number of QP iterations, i.e. the number of working set recalculations in case of the
online active set strategy, and runtimesﬁ per sampling instant are illustrated in Figures
and respectively. The maximum number of iterations, the maximum runtime and the
MPC objective function evaluated over the whole simulation horizon are summarised in
Table In case of the real-time variant (limited to five working set changes) of the
online active set strategy the value of the EGR opening becomes infeasible at one sampling
instant (—1.8 at 10.1s) and is therefore clipped to 0.

Finally, we want to mention that both matrix factorisations remained very accurate during
the whole simulation: their maximum deviation from their exact counterparts lay below

*It this case the maximum number of different optimal active set/critical regions can be calculated via

2n j
. k j—k)’
=0 k=0

using a simple combinatorial argument.

®All simulations were performed on an Intel Pentium 4 processor with 2.53 GHz (single core), 512kB
L2 cache and 1 GB main memory using gcc 3.3.4 with compiler flag -03. The runtimes are obtained from
a series of measurements with the linux-specific function gettimeofday() and should be accurate in the
order of 10-50 microseconds.

kel
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machine precision. Furthermore, as expected for this small-scale example, computational
overhead for the alternative step length determination (as described in Section EEZ.1) out-
weighed the benefit.
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(a) Optimised MAF values (grey: explicit ap- (b) Optimised MAP values (grey: explicit ap-
proach, black: exact online QP solution, dashed: proach, black: exact online QP solution, dashed:
reference value). reference value).

Figure 6.4: Optimised outputs for Diesel engine example.
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proach, black: exact online QP solution, dashed: proach, black: exact online QP solution, dashed:
lower bound). upper bound).

Figure 6.5: Optimal controls for Diesel engine example.
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Figure 6.6: Properties of the exact online QP solution for the optimally closed-loop con-

trolled Diesel engine.

Table 6.3: Comparison of an standard online QP solver, the online active set strategies
as well as the explicit approach with respect to runtimes, number of iterations and MPC

objective function value.

Maximum Maximum no. | Optimal objective
Method: . . . .
runtime [ms] | of iterations function value
gpsol (cold start) 3.03 21 4851.7
gpsol (warm start) 2.67 21 4851.7
P .
online active set strategy 041 2 4851.7
(fully converged)
P .
online actlve_set s’Frategy 022 10 48518
(at most 10 iterations)
li ti t strat
online active set strategy 0.13 5 48512
(at most 5 iterations)
explicit approach <0.01 - 6497.3
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6.3. Summary of the Simulation Results
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Figure 6.7: Number of iterations per sampling instant for Diesel engine example.
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Figure 6.8: Runtimes per sampling instant for Diesel engine example.

6.3 Summary of the Simulation Results

The most important observation from a practical point of view is that reference tracking
performance is considerably improved by using many control intervals. The period required
for reaching a new MAF/MAP setpoint after a step change is greatly reduced, from about
three to below one second, as can be seen in Figure B4l Since not only absolute bounds
but also limits on the rate of change of the manipulated variables are considered within
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the optimisation problem, it should be possible to directly realise these improvements in
practice. The necessary optimal control problem formulation with an increased number of
degrees of freedom calls for a fast online QP solver, instead of an explicit approach, as
argued above.

Comparing the results of gpsol and our online active set strategy shows that the number
of iterations for exact QP solution are quite similar. This might be due to the fact that
the constraints’ bounds exhibit a very special structure—EGR and VGT are artificial states,
introduced in order to deal with their (discretised) derivatives. This probably leads to a
special geometry of the partition of the set of feasible parameters and thus to similar steps
of the conventional primal method and the proposed online active set strategy. The signifi-
cantly higher runtime of gpsol at the first setpoint change is not yet fully understood. This
effect only occurs if many constraints become active. It also persists when the dimension
of the QP is varied. At the second setpoint change, when only bounds become active, an
equal number of iterations also leads to comparable runtimes.

Nevertheless, this example clarifies the advantages of the real-time variant of the online
active set strategy: almost without becoming suboptimal or infeasible, it was possible
to reduce the number of working set changes by a factor of four (compared with exact
QP solution)! This result justifies the conjecture that it might not be necessary to solve
every QP exactly if the initial state is disturbed by measurement noise. Reducing the
computational runtime in this way makes online QP solution definitely viable for this kind
of problem, even if cheap (and hence slow) controller CPUs are used.

6.4 Real-World Experiments

The simulation results presented so far encourage our aim to perform closed-loop real-world
experiments at the testbench in Linz. Preliminary tests, using a simplified implementation
of our online active set strategy which could handle bounds on the inputs only, were already
performed in spring 2006. For this purpose, the C++ source code was integrated into a
Matlab/Simulink controller and implemented on the rapid prototyping hardware system
dSPACE [28], which directly controls the engine. The dSPACE hardware is about five to
ten times slower than a common Pentium IV processor; thus, when looking at the runtimes
in Section one should increase them in mind by one order of magnitude (which means
at most 4 ms for the online active set strategy).

Another question is how to switch the controller between different models for different
operating areas. On the one hand, it is possibile to let several QP solvers be running at
the same time; on the other hand, if these switches do not occur too frequently, a cold
start in the new operating area seems feasible. A third possibility is to apply the extension
of our online active set strategy to problems with varying QP matrices (as described in
Section BE7.2]). This might make sense due to the expectation that the active set will
be similar across neighbouring operating areas. The most appropriate approach for this
application would be to allow the QP matrices to change in every iteration, which directly
leads to nonlinear MPC.
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Chapter 7

Conclusions and Outlook

In this Diplom thesis, we presented the main concepts of model predictive control and
showed that the resulting optimal control problems can be formulated as quadratic pro-
grams, provided that the objective function is quadratic and the ODE model as well as the
constraints are linear. It was shown that these quadratic programs depend linearly on the
current state of the controlled process; the special structure of these parametric quadratic
programs was analysed and some of their important properties were presented. We also
outlined several existing methods for solving these quadratic programs, namely active set
methods and the so-called explicit approach.

After these theoretical preparations a new online active set strategy for the fast solution
of (parametric) quadratic programming problems arising in model predictive control was
developed. This strategy builds on ideas from parametric optimisation and fully exploits
the knowledge of the solution of the previous quadratic program making the assumption that
the active set does not change much from one quadratic program to the next. Furthermore,
we showed how this strategy can be modified to make it suitable for real-time applications.
We addressed various important ingredients for an efficient implementation of our method
and also described procedures for dealing with degenerated QPs. Complexity issues and a
possbile extension of the proposed method to nonlinear model predictive control problems
were discussed.

Finally, we investigated the performance of our C++ implementation of the online active
set strategy with two test examples: a challenging medium-scale benchmark problem and
a small-scale problem for controlling a real-world Diesel engine in a closed-loop manner. In
these examples, our strategy turned out to be significantly faster than a standard active
set QP solver (even if the conventional warm start technique is used) while overcoming the
prohibitive limitations of the explicit approach to MPC optimisation.

Future work will go into three major directions: (i) improvements and performance tests
of the current implementation, (ii) extensions of the online active set strategy to other
problem classes, and (iii) its application to real-world control problems.

(i) First, some refinements of the current implementation from a theoretical as well as
from a software engineerical point of view are still conceivable. For example, it might
be possible to incorporate so-called long steps when an active constraints swaps within
one sampling period from its upper to its lower bounds (or vice versa), which causes
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(iii)

two—unnecessary from hindsight—active set changes within our current algorithm.
Also a theoretical bound on the suboptimality if the homotopy is stopped prematurely
would be desirable. Furthermore, a more extensive benchmarking will show if our
strategy is also superior to other QP solvers written with MPC applications in mind.

Second, we want to adapt the proposed online active set method in order to make it
suitable for sequential quadratic programming for solving nonlinear model predictive
control problems. The main ideas of this extension were already described in Chapter H
and will be implemented soon. Moreover, extending the applicability of our method
to (not strictly) convex quadratic or linear programs seems to be possible and useful.

Finally, the simulations of the Diesel engine presented in Chapter B will form the basis
of closed-loop real-world experiments, scheduled for the end of the year 2006. Besides
performance improvements like reduction of NO, emissions or soot formation, these
tests will hopefully give further insight into practical requirements for making model
predictive control a viable control strategy for fast applications in the millisecond
range.

90



Appendix A

Mathematical Basics

In order to ease the presentation some basic definitions and results are collected in this
appendix, instead of giving them where they first occur. Since it is assumed that the reader
is familiar with all concepts they are stated without further explanation.
Definition A.1 (convex set): A set X C R" is called convex iff

Tr1+(1—7)zg € X (A1)

for all z1, xo € X and all T € [0,1] C R. O

Definition A.2 (convex function): A real-valued function f: D C R™ — R is called
convex iff D is a convex set and

flrer+ (1 —=7)r2) < 7f(21) + (1 —7)f (22) (A.2)

for all z1, xo € D and all T € [0,1] C R. O

Definition A.3 (polyhedron): A set X C R" is called polyhedron iff there exist a matrix
A € R™™ and a vector b € R™ such that

X = {zeR"| Az <b} . (A.3)
o)

Definition A.4 (range space and null space of a matrix): Let a matrix A € R™*"™ be
given.

(i) Its range space (or image) im A is the vector space spanned by the columns of A,
ie.
imA {Az |z e R"} CR™. (A.4)
(ii) Its null space (or kernel) ker A is defined as

kerd € [z eR" | Az =0} . (A.5)
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Theorem A.1 (Cholesky decomposition): For every matrix A € S, there exists a unique
upper triangular matrix R € R™*™ with positive diagonal entries such that

A = RR. (A.6)
Matrix R, or its transposed L def R/, is called Cholesky factor of A. O
Proof: Can be found in [46, p. 143]. O

Theorem A.2 (QR factorisation): Let a matrix A € R"™*"™ with m > n be given. Then
the following holds:

(i) There exist an orthonormal matrix V€ R™*™ and an upper triangular matrix U €
R™ ™ such that
A= v( g ) . (A7)

(ii) If A has full row rank there exist an orthonormal matrix V. € R™*"™ and an upper
triangular matrix U € R™*™ with positive diagonal entries such that

A =VU. (A.8)
This factorisation is unique. O
Proof: Can be found in [46, p.223-230]. O

Definition A.5 (condition number of a matrix): For every matrix A € R™*™, A # 0,
the condition number cond A is defined as

cond A || AT, [|4], - (A.9)

Therein At denotes the so-called pseudoinverse of A which coincide with A=1 if the matrix
A is invertible (see [41, p. 170-172]). @)

Definition A.6 (big-O notation): For every scalar function f: N — N we define

def

o(f) {9:N—=N|3Ja, 8, ngeN: g(n) <af(n)+B8VYn=>ne} (A.10)

as the set of all integer functions which are asymptotically dominated by f. O
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Appendix B

Implementation Overview

Now we give a concise overview about the practical implementation of the proposed online
active set strategy: the software module DASES. It is thought to be a guideline for actu-
ally setting up and solving sequences of strictly convex quadratic programs with OASES;
theoretical issues and numerical results were addressed in the main part of this thesis.

B.1 Software Module 0ASES

The software module DASES is written in an object-oriented manner in C++ and comes
along with the fully commentedﬂ files listed in Table Bl Besides some standards libraries
no further software packages are required. Core of the module is the QProblem class which
is able to store, process and solve strictly quadratic programs using the online active set
strategy; it makes use of several auxiliary classes.

Table B.1: Complete file list of the software module OASES.

File name: H Description:

QProblem class for using the online active set strategy
for strictly convex QPs

QProblem_SubjectTo class for managing working sets
of constraints or variables of a QProblem

QProblem Bounds class for managing working sets

of variables of a QProblem

QProblem Bounds class for managing working sets

of constraints of a QProblem

QProblem_Indexlist class for managing index lists
OASES_Indexlist.cpp/hpp/ipp of constraints or bounds within the
QProblem_SubjectTo class

0ASES_QProblem.cpp/hpp/ipp

OASES_SubjectTo.cpp/hpp/ipp

OASES Bounds. cpp/hpp/ipp

0OASES Constraints.cpp/hpp/ipp

OASES Utils.cpp/hpp some utilities for working with the QProblemn class

OASES_main.cpp main function sample for testing the QProblem class

LAll comments can be interpreted by the documentation system doxygen [80].
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B.2 O0ASES in a Nutshell

The user interacts with the DASES module solely via the QProblem class. So, for setting
up a quadratic program an instance of the QProblem class has to be created. This can be
done by different constructors, e.g. the following

QProblem: :QProblem( const doublex H, const double* A, const doublex g,
const doublex 1lb, const doublex ub,
const doublex 1bA, const doublex* ubA,
int nV, int nC );

which takes the (positive definite) Hessian matrix H, the constraint matrix A, the gradient
vector g, the lower and upper bound vectors 1b and ub, the lower and upper constraints’
bound vectors 1bA and ubA, the number of variables nV and the number of constraints nC
of the quadratic program to be solved. All these data must be stored in arrays of type
double (matrices stored row-wise in an one-dimensional array). A further constructor for
QPs whitout constraints exists, as well as constructors for reading the data directly from
ASCII files.

After setting up the first quadratic program it has to be initialised via the function:
int QProblem::init( int& nWSR, bool objFLAG, double& cputime );

It initialises all internal data structures and solves the quadratic program using the tech-
niques described in Section EE4l The argument nWSR specifies the maximum number of
working set recalculations to be performed during the initial homotopy (on output in con-
tains the number of working set recalculations actually performed). objFLAG indicates if
also the optimal objective function value shall be calculated; cputime contains (on output)
the CPU time required for the whole initialisation. The functions init () returns a status
code which indicates if the initialisation was successful. Alternatively, the function solve ()
provides an interface for solving the quadratic program with a different solver (e.g. qpsol).

If not only a single quadratic program but a whole sequence of QPs shall be solved—as it
is the usual situation for a MPC problem—the next QP can be solved using the function:

int QProblem::hotstart( const double* g_new,
const double* 1lb_new, const double* ub_new,
const doublex*x 1bA_new, const double* ubA_new,
int& nWSR, bool objFLAG, double& cputime );

The next QP is specified by passing its gradient vector g new, its lower and upper bound
vectors 1b_new and ub_new as well as lower and upper constraints’ bound vectors 1bA new
and ubA_new. It is solved by means of the online active set strategy using at most nWSR
working set recalculations. objFLAG indicates if also the optimal objective function value
shall be calculated; cputime contains (on output) the CPU time required for nWSR steps
along the homotopy path. The function hotstart () returns a status code which indicates,
e.g., if the optimal solution of the next QP could be found within the given number of
working set recalculations or if an error occured. Again, special (overloaded) variants for
QPs whitout constraints or for reading the data of the next QP directly from ASCII files
exist.
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Besides this main functionality, several functions for obtaining status information are im-
plemented. Among them

double*x QProblem::getPrimalSolution ( )
double* QProblem::getDualSolution ( )
double QProblem::getObjVal( )

for getting the primal-dual solution pair (JEOPt,yOPt) and the optimal objective function
value or

bool QProblem::isInitialised( )
bool QProblem::isSolved( )
bool QProblem::isInfeasible( )

for asking if the current QP was initialised, solved or found to be infeasible. Moreover,
several output functions are available.

We conclude by presenting a very simple example for illustrating the handling of the OASES
module:

#include "OASES_QProblem.hpp"

int main( )

{
// data of first QP
double H[2%2]
double A[1%2]
double g[2]
double 1b[2]
double ub[2]
double 1bA[1] =
double ubA[1]

I
P e

// data of second QP
double g_new[2] = {
double 1b_new[2] = {
double ub_new[2] = {
double 1bA_new([1] = {
double ubA_new([1] = {

// setting up first QP
QProblem testExample( H,A,g,1b,ub,1bA,ubA, 2,1 );

// solve first QP

double cputime;

int nWSR = 10;

testExample.init( nWSR,true,cputime );

// solve second QP
nWSR = 10;

testExample.hotstart( g_new,lb_new,ub_new,lbA_new,ubA_new, nWSR,true,cputime );

return O;

95



96



Appendix C

Fast Nonlinear Model Predictive
Control of Gasoline Engines

As an example for NMPC applications we reprint a publication recently presented at the
IEEE International Conference on Control Applications 2006 in Munich [31].

Not included in this online version (for copyright reasons)!

C.1 Introduction

C.2 Model Description

C.3 NMPC Problem Formulation
C.4 Algorithm

C.5 Simulation Results

C.6 Conclusions and Future Work

Acknowledgements
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